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Abstract. In this paper we address a fast approach for anis reflected specularly at the boundaries. Depending on the
accurate eigenfrequency extraction, taken into consideratioshape its properties could exhibit chaotic dynamics.
the evaluated electric field computations in time domain of a Within this work, we investigate quantum billiards with
superconducting resonant structure. Upon excitation of thets statistical eigenvalue properties, which reveal the periodic
cavity, the electric field intensity is recorded at different orbits in the quantum spectra and give the quantum chaotic
detection probes inside the cavity. Thereafter, we performscattering Dembowski et al.2009. Specifically, we sim-
Fourier analysis of the recorded signals and by means of fitulate microwave resonator with chaotic characteristics, see
ting techniques with the theoretical cavity response model (inFig. 1, and we compute the eigenfrequencies that are needed
support of the applied excitation) we extract the requestedor its level spacing analysi©gembowski et al.2002. Ac-
eigenfrequencies by finding the optimal model parametersordingly, the eigenfrequency level spacing analysis for de-
in least square sense. The major challenges posed by otermining the statistical properties requires many (in order of
work are: first, the ability of the approach to tackle the large thousands) eigenfrequencies to be calculated and the accu-
scale eigenvalue problem and second, the capability to exrate determination of the eigenfrequencies has a crucial sig-
tract many, i.e. order of thousands, eigenfrequencies for thaificance. Moreover, considering that the problem is to com-
considered cavity. At this point, we demonstrate that the propute a large number of eigenfrequencies, they can be often
posed approach is able to extract many eigenfrequencies dbcated in different ranges, i.e. left-most, right-most or inte-
a closed resonator in a relatively short time. In addition torior portions of the spectrum could be sought.
the need to ensure a high precision of the calculated eigen- In many scientific and engineering applications, as well
frequencies, we compare them side by side with the referas, in computational science, this results in solving one of
ence data available from CEM3D eigenmode solver. Furtherthe fundamental problems, the large scale eigenvalue prob-
more, the simulations have shown high accuracy of this techlem. We list below just a few of the applications areas
nique and good agreement with the reference data. FinallfSaad 2011) where eigenvalue calculations arise: acceler-
all of the results indicate that the suggested technique can bation of charged particles, structural dynamics, electrical
used for precise extraction of many eigenfrequencies basedetworks, Markov chain techniques, combustion processes,
on time domain field computations. chemical reactions, macro-economics, control theory, etc.
The above-mentioned realistic applications frequently chal-
lenge the limit of both computer hardware and numerical al-
gorithms, as the involved matrices are of large scale.

The frequency domain methods (Jacobi-Davidson,

The field of quantum chaos encompasses the study of th@‘mo!d" Lanczos, Krquv-Schur etc.) fof elgenvalug cal-
culation for some cavity structures might result in an

manifestations of classical chaos in the properties of the

corresponding quantum or more generally, wave-dynamicalextremely time dcr(:nsum;ng 5|mu|at|on|,3 alpngl; \;\"tht slotw
system (nuclei, atoms, quantum dots, and electromc';lgnetisonvergence and huge storage space. Farticuiarly, structures

or acoustic resonators). Prototypes are billiards of arbitrar)yv 't.h compllce}ted geometry require a large number of .gnd
shape. In its interior a point-like particle moves freely and points to achieve accurate simulation results. An additional

1 Introduction
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24 T. Banova et al.: Eigenvalue extraction from TD computations

challenge from our application is that the dimension of the y
desired eigen subspace is large, namely, one might possibh
need thousands of eigen pairs located in a specified range zZ, X
also referred to as a “window”, of matrices with dimension

in excess of several millions. Despite the fact that many

algorithms for eigenvalue determination exist, accompanied

by the numerical models that are becoming increasingly 4
more sophisticated, not as many are specifically adapte
for computing a large number of interior eigen pairs. They
can usually calculate limited number of extreme or interior Fig. 1. Left: desymmetrized version of the three-dimensional gener-
eigenfrequenciesl and re|ative|y few are designed for effecalized stadium billiard, consisted of two quarter cylinders with radii
tively reusing a large number of good initial presumptions, 71 = 2000 mm andrz = 1414 mm. Right: CST setup of the bil-
when they are available. Finally, computing a large number“ar,d cavity \{V'Ith an exciting antenna and detection probes placed at
of interior eigenvalues remains one of the most difficult Ya"ous positions.

problems in computational linear algebra today.

In this context, our investigations comprise efficient, ro- . _
. . ) LAB, 201]) is conducted. A descriptive sketch of the pro-
bust and accurate computations of many desired eigenfre osed TD approach is given in Algorithm 1. Additionally,

quencies in a reasonable time, which also consfitutes th e critical implementation points and details are covered, as
main aim of our study. Within this work, we cover an ap- ' Imp ration p : '
well as, discussed within this section.

proach for extraction of resonant frequencies given the out-
put from time domain computations of closed resonators. 1 Field simulation in time domain
The proposed approach uses the advantage that one singlée

time domain simulation can proyide the whole response of anrp,o proposed approach for eigenfrequency extraction (given
electromagnetic system in a wide frequency band, whereag, yhe foliowing) is utilized within the project for determin-

a frequency domain formulation uses one computation foring the statistical properties of a cavity with chaotic char-
each individual frequency. In addition, due to the fact that

! - i ' ] acteristics. The requirements for chaotic characteristics are
fche time domain (_:omputat|0ns in the field qf electromagnet- ot by using a superconducting resonator with the shape
ics are already highly developed and considerably more efy¢ 5 gesymmetrized three-dimensional stadium billiard (see

ficient, as_well as the fac_t that the transient solyer containeq:ig' 1-left). The billiard consists of two quarter cylinders
in CST Microwave Studio@ST, 2019 uses a high degree ith radii r; = 2000 mm andr, = 1414 mm, respectively,

of parallel|zat|on provided Wlth m_odern graphics processing,nq is made of niobium, which becomes superconducting at
units (GPUs) feature the S|mulat|(_)n can be_dramatlcally aCtemperatures below 9.2 K.

celerated. Therefore, we can easily and quickly get the time o cavity of interest is modeled in CST Microwave Stu-

domain responses for a wide frequency band. In this way, sigg;, (CST MWS) and a small tiny exciting antenna (as used
nificant reduction in computation time can be achieved and, 5 physical model) is put properly in a way that the modes
therefore, our high intgrest leads to time domain computayithin a specific frequency range would be excited (see
tions for electromagnetic problems. Fig. 1-right). Intentionally, the excitation signal applied at the

The paper proceeds as follows. In Segtwe briefly  antenna input is wide band signal, i.e. a Gaussian-modulated
present the proposed approach for high precision eigenfreginsoidal signal is chosen, which certainly covers the range

quency extraction given the available electric field computa-g¢ gjgenfrequencies being sought. The field simulation with
tions. Here, we describe the fundamental modeling of the anp ey ahedron discretization mesh in time domain is carried out
alyzed structure, followed by a description of the used signalji the transient solver from CST MWS and it detects and
postprocessing techniques. Sectiinvestigates the simula-  ecords the electric field intensity at specific field detection
tion scenarios together with the obtained results. Lastly, conpgpes placed at various positions inside the cavity (see lines
clusions are addressed in Sett. 1-6 in Algorithm 1). Later, the obtained time domain sig-
nals are used for further postprocessing in MATLAB, based

. _ _ ) on fitting techniques with a proposed model of the cavity re-
2 Time domain approach for eigenfrequency extraction  gponse, as follows below.

—®

This section provides a brief overview of a precise time-2 2 postprocessing of the CST signals

domain (TD) approach for eigenfrequency extraction, which

is applicable for different cavity structures. In a two-step pro-2.2.1 Limitations from finite simulation time

cess the modeling and simulation of a specific cavity struc-

ture is initially done, and afterward a postprocessing of theln view of the fact that we are dealing with superconducting
acquired time domain simulation results in MATLABIAT- walls, the response of a cavity could stay for a long time as
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Fig. 2. Operating signals during the process of eigenfrequency extraction, listed in the respective subffydeguired time domain
signal and Gaussian windowed time domain sig(tal. Amplitude spectrum of the Gaussian windowed time domain sigoalsolated
Gaussian pulse within the eigenmode spectrighGaussian modulated signal.

Input: Given a cavity with a specified probe P(x,y,z).

/+ CST simulation */

Data: run transient simulation with the predefined simulation
time.

Data: export a T'D _sig for the electric field intensity in
P(x,y,z).

/* Post processing and frequency
extraction in MATLAB */

TD_sig="TD_sig+gausswin(size(T D_sig));

fft-data={t(T D_sig);

amp_spec =abs(f ft_data);

forall the Gaussian pulses in amp_spec do

gauss_pulse =locate_gauss_pulse();

/* ind_start=starting index
ind_end=ending index */

GoF1 = cftool(gauss_pulse,gauss_model());

/* GoF = Goodness of Fitting */

if GoF'1 > 0 then

gausswin_f ft_data(ind_start : ind_end) =

f ft-data*gausswin(ind_end —ind_start);

forall the ind ¢ gauss_pulse do

‘ gausswin_f ft_data(ind) =0;

end

gauss_mod_sig =real(ifft (gausswin_f ft_data));

GoF2=

cftool(gauss_mod_sig,gauss_-mod_model());

if GoF'2 ~100 then

‘ extract the eigenfrequency;
end

end

end
Algorithm 1: A sketch of the time domain approach for
extracting eigenfrequencies.

www.adv-radio-sci.net/11/23/2013/

the power losses in the walls are negligible. Theoretically, the
response of an ideal-conducting cavity is Dirac impulse se-
guence in frequency domain, i.e. a summation of sinusoidal
signals with the associated eigenfrequencies in time domain.
Nevertheless, due to the limited simulated time interval the
ideal Dirac impulses of the true spectrum are widened. More-
over, due to the finite conductivity and the inserted antenna,
the amplitude spectrum of the signal does not contain Dirac
delta pulses, but it has pulses of finite width.

An important issue coming from the limitation in time is
the discontinuities at the edges of the measured tivian(lal
and Asif 2010. Given that sharp discontinuities have broad
frequency spectra, these will lead to a higher side lobes level
and each spectral line of the signal’s frequency spectrum will
be spread out in the same way. In other words, the spreading
means that signal energy, which should be concentrated only
at one eigenfrequency, leaks instead into other frequencies,
the so called “spectral leakage”. Consequently, the whole
spectrum is distorted and some weak impulses, i.e., eigenfre-
guencies, can be masked by the resulting convolution with
neighboring strong pulses. This leads to the idea of multi-
plying the original signal within the measurement time by
Gaussian function (see Figa) that smoothly reduces the
signal to zero at the end points of the measurement time:
therefore avoiding discontinuities overall (see line 9 in Algo-
rithm 1). As a result, in case of an ideal cavity, whose spec-
trum theoretically is constituted of Dirac impulses located at
the eigenfrequencies, we would have Gaussian pulses instead
(see Fig2b).

Furthermore, manifestation of a spectral distortion occurs
as result of a reduced spectral resolution. Namely, this is
an important issue, and the minimum separation needed be-
tween two frequency components must be determined, so
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26 T. Banova et al.: Eigenvalue extraction from TD computations

that they can be resolved. In our approach, we choose th2.2.4 Fitting models

frequency resolution good enough to recover the sought fre-

quency data. As a result, a large number of simulation timeBY invoking the acquired knowledge of the eigenmode spec-
samples might be needed for a reliable characterization offum of the cavity, the fitting model should be nonlinear in
the resonance frequency of the structure, given that betteﬁhe parameters, i.e. we should use Gaussian nonlinear model
frequency resolution unescapably requires a longer simulato obtain the parameters. In this direction, the parametric fit-
tion time. In spite of this, the modern GPUs feature a largeting is involved as essential technique for precise determina-
number of processing cores and the simulation is speeded dijon of the eigenfrequencies and reducing the amount of data

significantly in comparison with a simulation running on sin- required for a given resolution. Relying on the above discus-
gle CPU. sion, a custom Gaussian model is modeled within the MAT-

LAB curve fitting tool (see line 16 in Algorithm 1), which
2.2.2 Fast Fourier transformation suits to the specific curve fitting needs, as shown below:

As soon as the limitations that come from finite simulation —<f—2f,->2
time or reduced frequency resolution are overcame, the step; =aie i (1)
from the recorded time domain response to the frequency do- )
main response is computed using the fast Fourier transforma¥herei goes from unity to the number of the located local
tion (see lines 10-11 in Algorithm 1, see F&ip). Gaussian pL_JIses_ln the amplitude spectrum fo_r the analyzed
The very classical approach in finding eigenfrequencies i§tructure. W|th this mgd_el all of the local Gaussian pulses are
to look for local maxima of the eigenmode spectrum. How- fitted and in each-th fitting the values for the found param-
ever, this way is not efficient when the interest is in pre- €%€rSa;, fi, ando; are saved. The parametessand f; are
cise determination of the resonant frequencies and has sontésed as initial reasonable starting values of the parameters
drawbacks. Firstly, the spectrum is discrete with a certain resin the further fit, whereas the parameseris included to in-
olution and the peak value may not be entirely located on &-réase the numerical robustness. The values of the parameter
sample point. The eigenfrequency could be a value that is/i @re good candidates for eigenfrequencies, since they give
somewhere in the range between two samples given withe position of the'maxw.num value of each.Gaussmn'pglse.
the frequency resolution for certain discrete frequency val- However, following this way we are restricted to a limited
ues (“bins”), implying that the local maximum is not always number of samples, same as the number of samples which
the frequency that is sought. Secondly, a more serious focugonstitute the local Gaussian pulse. The limitation in the sam-
was placed that the neighboring modes contribute a certaif!eS causes that the coefficient, which represents the good-
amount to the total response at the resonance of the modeess Of fitting, is very low. That means that the accuracy
being analyzed and affect slightly the resonant frequency. TcPf_ the gventual eigenfrequency cannot be hlgh. Add|t|onglly,
deal with these problems, refined modal extraction methoddVith this approach only the amplitude information of the sig-
based on signal processing techniques have been develop@él is used, which is not sufficient for precise extraction.

(see lines 12-31 in Algorithm 1). These disadvantages lead to extending our approach, in a
sense where we can get also the phase information of the
2.2.3 Technique for locating a Gaussian pulse signal in a form that is suitable for implementation. Namely,

after fitting a local Gaussian pulse in frequency domain the
For further analysis, local Gaussian pulses (see Bij. values of the parameters and the coefficients for the good-
within the spectrum should be located properly (see line 13ness of the fit are obtained. If the goodness of the fit for
in Algorithm 1). The location process is divided into several some Gaussian pulse is positive then we window this Gaus-
steps. Primarily, a local Gaussian pulse is found as a set ofian pulse with Gaussian windowing function and we go back
samples with a local maximum. Thereafter, supplementaryin time domain using Inverse Fast Fourier Transform (IFFT)
check is conducted if some other samples might be added t¢see lines 18-31 in Algorithm 1). Otherwise, we do not take
the right-most/left-most side of the current Gaussian pulseinto consideration this pulse, which is most probably noise.
Namely, if the average amplitude of the succeeding right/leftFrom signal processing is known that shifting in frequency
outer triple of samples is less than the average amplitude oflomain means modulation in time domain. So, the Gaussian-
the right-most/left-most triple of samples, the outer triple of —u-ig?
samples is added appropriately to the right/left part of themodulated sinusoidal signaj = a; Sin(2 fit — ¢i)e >
Gaussian pulse. After that, the “empirical rule” for the cur- is expected in time domain. The frequency of the modulation
rent located Gaussian pulse is applied. For this purpose, thé; is exactly the frequency that is sought. Consequently, we
standard deviation for the pulse is estimated and four stanfit the resulting signal in time domain with a custom Gaussian
dard deviations are accounted for the resulting pulse. At thanodulated model of the cavity response and again by finding
end, the distance from the both ends of the Gaussian pulse e optimal model parameters in the least squares sense we
its maximum is equally adjusted. determine the “true” eigenfrequency.
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The main advantage comparing the proposed approach Besides the analytically resolvable resonators, the rela-
with the classical approach for finding the peaks, is thattive error is also measured for the chaotic billiard resonator,
within this approach the phase information of the signal iswhich has a clustered eigenvalue distributi@embowski
used and parametric fitting with all of the data available in et al, 2002. A clustered distribution containing too close
the time domain representation is applied. Although, the fit-eigenfrequencies might cause difficulties in the eigenfre-
ting based only on the amplitude information of the signal quency extraction. As reference data, eigenvalues calculated
results in poor fit, now using the phase information of the with CEM3D eigenmode solver for different degrees of free-
signal, very good value for the goodness of the fit can bedom (DOF) are computed. Here, CEM3D eigenmode solver
reached. In this way, as shown in S&;twe gain a very high is a parallel program, developed bfdkermann and Wei-
accuracy in the eigenfrequency extraction from time domainland, 2012 for the accurate calculations of eigenfrequencies

computations. for a given structure. It implements a FEM formulation by
. o means of higher order curvilinear elements.
2.2.5 Nonlinear parametric fitting In all simulations, we first modeled and meshed the re-

- . lated geometries in CST MWS with hexahedrons and saved
The fitting process uses the method of ”0”"”?” IeasEhe electric field intensity during the transient simulation. Af-
squares, pre'sente_dlmash and Sofe(199¢ and LeW|s.et terward, the eigenvalue extraction is calculated in MATLAB.
al. (2008, which minimizes the summed square of residuals, |, yhe simulation studies, we experienced that for the time
identified as error associated with the data, given by domain field computations, a single personal computer is
n suited for problems with a moderate number of degrees of
§= Zriz = Z()’i — )2 (2)  freedom (say, up to FDOF). To be precise, a computer with
i=1 i=1 a single core Pentium 3 GHz processor and 6 GB main mem-
where the residuaj for thei-th data point is defined as the Ory was used. The same PC configuration was also utilized
difference between the observed response vgjuand the for the TD method for eigenvalue extraction. On the other
fitted response valug while n is the number of data points hand, a more powerful computer was necessarily used to en-
included in the fit. In case of nonlinear models the parame-able the handling of meshes with hundreds of thousands up
ters cannot be estimated using simple matrix techniques antp several millions DOF. The larger-scale simulations were
these models are particularly sensitive to the starting pointsPerformed on a GPU computer, e.g. 2.00 GHz (quadcore)
This leads to difficult fit and the starting points are adjusted.having 32 GB RAM memory and 4 nVIDIA Quadro GPUs.
Therefore, at the beginning initial reasonable starting values o . .
for each parameter are provided. Then, the iterative approach-1  Reéctangular, cylindrical, and spherical cavity

follows some steps until the fit reaches the specified conver-, ' . . . .
TAS a first experiment, we consider a rectangular cavity with

gence'crlterla. At the end, the direction and magnitude o erfectly conducting walls, containing a perfect vacuum. The
the adjustment of the parameters depends on the Levenberg-

- . egeneracy is broken by making the side lengths different,
Marquardt fitting algorithm proposed hyevenberg(1944), . ! : : -
Marquardt(1963, andMoré (1978. i.e. rectangular resonator with dimensians- 20cm, b =

10e cm, andc = 10z cm. The resonance frequency of the
rectangular microwave cavity for the §& mode (the mode
3 Simulation results with the lowest cutoff frequency for a rectangular waveg-
uide wheres > b > a) is found by imposing boundary condi-
The accuracy of the TD method for eigenfrequency ex-tions on the electromagnetic field expressions in which all of
traction is tested for both analytically and non-analytically the field components vary sinusoidally at a single frequency
resolvable problems. Additionally, the proper functionality (Pozar 1998.
of the method has been checked during its implementation Along this line, the fundamental mode in a cylindrical cav-
process. In the numerical tests, several resonators are coity (Reitz and Milford 1960 with radius R =20cm and
sidered. Namely, due to verification purposes, rectangulariengthL = 10z cmis calculated, too. For the analyzed cylin-
cylindrical and spherical resonant structures are analyzeddrical cavity, since we do not have larde fulfiling L >
whose exact solution can be analytically evaluated. Firstly,2.03R, the TMy19 mode constitutes the fundamental oscil-
the eigenvalues of the above mentioned resonators are conhation. The mode of interest has azimuthal symmetry and the
puted from their analytical expressions and following this electric field has no longitudinal variatiof£ /6z = 0).

n

way, a logarithmic relative error is calculated as Lastly, the first TM 1 mode of a spherical resonator with
a radiusR = 1m is computed from analytical expressions
relative error= 1og;, | fanatytical— f““me”ca‘, (3)  given in Gallagher and Gallaghe985 by employing a
Janalytical root finding algorithm of transcendental equations which is

by considering the first computed mode eigenfrequency, unSIMPIY explained inkozar 1998.
less otherwise stated.

www.adv-radio-sci.net/11/23/2013/ Adv. Radio Sci., 11, 239, 2013



28 T. Banova et al.: Eigenvalue extraction from TD computations

1 LY
-2r q Cells: 59,292
** Rectangular cavity (1%' mode) II = =:
o5} -« Cylindrical cavity (1% mode) Cells: 461.214
-~ Spherical cavity (1% mode) 1 L1

I I ri
/ Cells: 3,882,816
. .\(9(10gw(cells)’2/3) 1 L1 1

1 I ri

Cells: 23,356,890

1 ||

1 LU

Tets: 318,425

1 Lk
1 LI

-45¢ Tets: 7,056
1 L_L N

1.8 1.9 2 2.1 2.2 2.3 2.4

Frequency/Hz

> = x10°

0.005 0.01 0.02 005 01 02 05 1
Hexahedral meshcells/Million

Fig. 3. Relative deviation of the numerically obtained valygfor Fig. 4. Convergence study showing a comparison between the

the lowest eigenfrequency to the analytical resulas a function  eigenfrequencies calculated with the proposed TD approach (red

of the degrees of freedom (DOF) for a rectangular, cylindrical, andcolor) and the reference eigenfrequencies obtained with CEM3D

spherical resonator. eigenmode solver based on higher order curvilinear elements (green
color). For the TD approach four different hexahedron discretiza-
tion meshes are used. At the same time, the reference data are ob-

Specifically, for the time domain field simulations several tained using two different tetrahedral discretization meshes.
different discretization meshes have been used and the con-
vergence study based on the calculation of a relative error,

given with Eq. 8), is shown in Fig3. As the number of dis- : - - - - -

. . . . FCells: 59,292 | | |
cretization mesh cells increases, the difference between the T : : : | - |
analytical and the numerical solutions becomes smaller and [Golls: 461.214] . | . . | . | ]

. . T
absolute error in order of It is present. So, fast conver- FCells: 3,832,816
gence is observable and it should be emphasized. As sug  Cells: 23,356,890
gested by the convergence study, good accordance of the nu _Te';s_ conoor|
merical with the analytical results is evident. —
-Te:s: 318,425
3.2 Billiard cavity reszose | | [ ]
2.3 231 2.32 2.33 2.34 2.35 2.36 2.37

Using the previosly described algorithm, about 900 eigenfre- Freaueneyliz x10°

quencies up to 7 GHz have been calculated for the billiard

cavity structure. Unfortunately, for this shape of resonatorFig. 5. Convergence study showing a comparison between the
an analytical solution for the electromagnetic problem is notéigenfrequencies calculated with the proposed TD approach (red
available and in order to validate the obtained results, ref_color) and the reference eigenfrequencies obtained with CEM3D

: igenmode solver based on higher order curvilinear elements (green
efence data from CEMS3D eigenmode solver are l.Jsed (S.egnd blue color). For the TD approach four different hexahedron dis-
Fig. 4). The structures are modeled and meshed with curvi-

. . ._Cretization meshes are used. At the same time, the reference data
linear tetrahedrons_and the correspondmg meshes are iMye gptained using three different tetrahedral discretization meshes.
ported to CEM3D eigenvalue solver in order to compute the
requested eigenfrequencies for the analyzed structure.

In Fig. 4, a part of the results that are found with the
TD approach compared to the reference data, is presenteftequencies. Concerning the accuracy of the obtained data,
On the abscissa are given the frequencies in an a priori seslightly shifting of the frequencies can be observed in case
lected frequency band, i.e. from 1.8 up to 2.4 GHz. Theof coarse meshes. As the number of mesh cells increases, a
ordinate shows the eigenfrequencies obtained with the timgood agreement with the reference data is clearly observed.
domain approach using four different discretization meshesFor this purpose, a part of Fid.is enlarged and shown in
and the reference data calculated using a field simulation irfFig. 5. According to Fig.5, in case of fine meshes a good
frequency domain with two different tetrahedral meshes. Theagreement of TD results with the reference data can be ob-
total time for the transient simulations is 3<8L0~°s, which  tained. Furthermore, in Fi§.an additional row is added rep-
results in frequency resolution of 30 kHz. resenting extremely accurate reference data for the eigenval-

The results in Fig4 indicate that when fine mesh is used ues in the range [2.30, 2.37] GHz. These results are obtained
the number of eigenfrequencies found with the proposed TDwith almost 6 million of tetrahedral mesh cells and are used
approach is exactly the same as the reference data, i.e. no atb calculate the logarithmic relative error for the modes: 2.36
ditional frequency is added or no missed. In addition, suchand 2.37 GHz (see Fi@). From this figure a second order
check was conducted for all of the 900 calculated eigen-convergence error is observed. Consequently, the proposed
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