
Adv. Radio Sci., 17, 77–82, 2019
https://doi.org/10.5194/ars-17-77-2019
© Author(s) 2019. This work is distributed under
the Creative Commons Attribution 4.0 License.

Multilayered Transmission Lines on Quasi-planar Substrates
With Anisotropic Medium
Veenu Kamra and Achim Dreher
German Aerospace Center (DLR), Institute of Communications and Navigation, Oberpfaffenhofen, 82234 Wessling, Germany

Correspondence: Veenu Kamra (veenu.kamra@dlr.de)

Received: 25 January 2019 – Revised: 2 May 2019 – Accepted: 21 May 2019 – Published: 19 September 2019

Abstract. This paper exhibits the extension of the discrete
mode matching (DMM) method to analyze conformal struc-
tures with anisotropy. It represents a simple formalism as
a basis to analyze multilayered structures with quasi-planar
anisotropic dielectric layers. The dyadic Green’s function is
then calculated using a full-wave equivalent circuit (FWEC)
of the structure, where each layer is represented with the
hybrid block consisting of the tangential field components.
The application is demonstrated by computing propagation
constants for partially filled quasi-planar waveguides and mi-
crostrip lines with isotropic, uniaxial and biaxial anisotropic
dielectrics.

1 Introduction

Microstrip structures are very widely used in antennas and
microwave devices for navigation and communication sys-
tems in transport, aeronautics and space. Often there is need
to integrate them into the surface of aircraft, satellites and ve-
hicles, which leads to the structures to be conformal (Yinusa,
2018). New lightweight materials (e.g. CFK) are being used
more frequently in exhibiting multilayers with anisotropic
behavior. Since the substrate material strongly affects the
properties of the structures, the microwave circuit elements
need to be modelled very precisely and fast numerical proce-
dures are required to predict their characteristics.

In the literature, we can find the work done for analyz-
ing waveguides with arbitrary cross-section using different
methods. For example, Horikis (2013) used the finite differ-
ence technique, Yee and Audeh (1965) used the point match-
ing technique, She (1989) used the iterated moment method
and Yang and Pregla (1996) used the method of lines (MoL)
to analyze conformal structures. Here the focus is on the

full-wave analysis method known as discrete mode match-
ing (DMM) method, which was earlier successfully used to
analyze microwave structures with high accuracy. For exam-
ple, Kamra and Dreher (2018a) explained the DMM formula-
tion to analyze transmission lines with multiple strips, Kamra
and Dreher (2019) dealt with circular and non-circular di-
electric layers with uniaxial anisotropy. The conformal trans-
mission lines with quasi-planar substrate were also examined
using this method but with isotropic media (Dreher and Ioffe,
2000).

The present contribution extends the efficient numerical
method, i.e. DMM, to analyze conformal structures with
anisotropic materials. This method uses the exact eigenval-
ues of the waveguide modes, which are dependent on the
lateral boundary conditions. It requires only 1-D discretiza-
tion along the horizontal tangential direction of the interfaces
for the analysis of multilayered transmission line structures
as the structure is assumed infinite in the propagation direc-
tion. In the direction perpendicular to the interfaces, the an-
alytical solution is taken. Here, each layer is defined by a
hybrid matrix which relates the tangential field components
at its interfaces. The shape of the interfaces can be defined
by the suitable equation, from which the slope at each dis-
cretization point can be calculated. Consequently, the field
components are determined for each sampling point in the
interfaces with varying slope. Then the dyadic Green’s func-
tion (or system equation) is derived using a full-wave equiv-
alent circuit (FWEC) in the space domain. The application is
demonstrated by computing propagation constants for quasi-
planar waveguide and stripline having uniaxial or biaxial
anisotropic dielectric layers and the results are validated with
those obtained with commercial software, ANSYS HFSS.
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Figure 1. Quasi-planar multilayered microwave structure with
anisotropic media.

Figure 2. Field components at quasi-planar interface.

2 Analysis

2.1 Field equations

We depict the general cross-section of the microwave struc-
ture with arbitrarily shaped dielectric layers in Fig. 1. Here
we consider several microstrip lines in the interfaces of the
dielectric layers. For the present analysis, we take the strat-
ification of the structure in z-direction and the wave prop-
agation (exp(−jkyy)) in y-direction. The permittivity (ε =
ε0εr ) and permeability (µ= µ0µr ) tensor of the dielectric
layer can be written with

εr =

εx 0 0
0 εy 0
0 0 εz

 , (1)

µr =

µx 0 0
0 µy 0
0 0 µz

 . (2)

It is mentioned by Krowne (1984) that we should begin our
analysis by taking any of the two independent field compo-
nents. Hence, we start our analysis with two scalar fields Ey
and Hy . From the source-free Maxwell’s equations normal-

ized by the free-space wave number k0, the relation between
the field components can be written as

(
∂2

∂y2 + εxµz

)[
Ex
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]
=

[
∂
∂x

∂
∂y

jµz
∂
∂z

jεx
∂
∂x

∂
∂y

∂
∂z

][
Ey
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]
, (3)

(
∂2
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Ez
Hx

]
=

[
∂
∂y

∂
∂z

−jµx
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−jεz
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∂z

∂
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∂
∂y

][
Ey
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]
, (4)

where η0Hx,y,z is replaced by Hx,y,z with η0 =
√
µ0ε0. Af-

ter applying the Fourier transform, we obtain two coupled
second-order differential equations

d2

dz2 Ẽy + aẼy + b
d

dz
H̃y = 0, (5)

d2

dz2 H̃y + cH̃y + d
d

dz
Ẽy = 0, (6)

where

a = qεyµx −
qµx

pµz
k2
x (7a)

b = jkxky

(
qµx

pεxµz
−

1
εz

)
(7b)

c = pεxµy −
pεx

qεz
k2
x (7c)

d = jkxky

(
1
µz
−

pεx

qεzµx

)
(7d)

p = 1−
k2
y

εxµz
(7e)

q = 1−
k2
y

εzµx
. (7f)

From Eqs. (5) and (6), we can write that TEy and TMy

modes cannot exist for the biaxial case. On elimination of the
other coupled field component H̃y or Ẽy from Eqs. (5) or (6)
respectively, we get a fourth-order differential equation(
d4

dz4 + (a+ c− bd)
d2

dz2 + ac

)
ψ̃ = 0 (8)

with ψ̃ = Ẽy or H̃y . The four analytical solutions (±kz(1,2))
can be computed from Eq. (8) with

k2
z(1,2) =−

(
a+ c− bd

2

)
±

1
2

√
(a+ c− bd)2− 4ac, (9)

where the field solution is with d2/dz2
= k2

z . When we take
ψ̃ = H̃y , then the solution can be written as

H̃y = Ae
kz1z+Be−kz1z+Cekz2z+De−kz2z. (10)

From Eq. (6), we can write

Ẽy =−
1
d

∫ [
d2H̃y

dz2 + cH̃y

]
dz. (11)
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Therefore combining Eqs. (10) and (11), we get

Ẽy =−
PA

kz1d
ekz1z+

PB

kz1d
e−kz1z−

QC

kz2d
ekz2z

+
QD

kz2d
e−kz2z, (12)

where P = k2
z1+ c and Q= k2

z2+ c.
For the uniaxial case with optical axis in y-direction,

variables b and d become zero in Eqs. (5) and (6) respec-
tively. Therefore, we get two uncoupled differential equa-
tions which can be solved as explained in Kamra and Dreher
(2018b). Similarly, the independent field components should
be Ex , Hx and Ez, Hz for the optical axis in x- and z-
direction respectively. The isotropic case can be solved with
either pair of the independent field components.

2.2 Discrete mode matching method

We assume the structure to be infinite in the propagation di-
rection, so we need just 1-D discretization along x for the
analysis of multilayered microstrip line as shown in Fig. 1.
We sample the field components at N equidistant points xj
between the lateral walls. In the figure, e-lines show the po-
sition of Ey and h-lines show the position of Hy field com-
ponent. The modal expansion of field components having N
modes discretized by N samples is given by

ψj (xj ,z)=

N∑
i=1

τ(kxixj )ψ̃i(kxi,z) or ψ = Tψ̃ . (13)

Here T is the transformation matrix (Fourier series elements)
using the exact eigensolutions τ(kxixj ) of the wave equation
which are dependent on the lateral boundary conditions and
i denotes the index for modes while j denotes the index of
the samples.

We assume that for an arbitrary layer k the cross-section is
constant in the y-direction, therefore Ey and Hy are tangen-
tial to the interfaces along the whole x-direction. The quasi-
planar nature of the layers at the interfaces is in x-direction,
therefore the other tangential fields become Et and Ht, and
are represented as

Et = Ex cosαxh +Ez sinαxh , (14a)

Ht =Hx cosαxe +H z sinαxe . (14b)

Figure 2 clarifies the tangential field component calcula-
tion and here αx(e,h) represents the inclination angle at the
interface with the x-axis. From Eqs. (3)–(4), we can say that
for 1-D discretization Ez, Ey and Hx (or Hz, Hy and Ex)
components are sampled at the same position. To determine
Et, we must calculate Ex and Ez at the same point. There-
fore, we use Ez in Eq. (14a) which is the mean of the adja-
cent sampled values of Ez. Similarly, H z is calculated from
the mean of the adjacent sampled values of Hz.

Figure 3. Dispersion curve for the partially filled waveguide with
triangular dielectric layer.

Figure 4. Full-wave equivalent circuit for the quasi-planar waveg-
uide.

We calculate the hybrid matrix of the layer in a similar
way as explained in (Kamra and Dreher, 2018b) but here
we consider discretization also alongwith. And for quasi-
planar structures we deal with the equations in space domain
(Eqs. 3–4) rather than in spectral domain. We obtain the dis-
cretized field relations for layer k as

[
Ek−1
Hk−1

]
=Mk−1F,

[
Ek
Hk

]
=MkF, (15)

on taking the notations of the fields and coefficients in the
vector form as

Ek =
[

Etk
Eyk

]
, Hk =

[
−Hyk

Htk

]
,

F=


Ak
Bk
Ck
Dk

 .
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Figure 5. Dispersion curve for the higher order modes.

After eliminating the unknown coefficient vector F, it results
in[

Ek−1
Hk−1

]
=Kk

[
Ek
Hk

]
. (16)

The hybrid matrix (Kk) for layer k can be represented as

Kk =Mk−1M−1
k =

[
Vk Zk
Yk Bk

]
. (17)

The system equation can be formed on using the network
analysis technique and the continuity equations on the in-
terfaces to match the fields. Then the boundary conditions
which state that the tangential electric field components must
vanish on the metallizations and the electric currents outside
that region must be applied. We obtain the reduced system
equation as

GredJred = 0 or LredEred = 0, (18)

which can be solved as an indirect eigenvalue problem
(det(Gred)= 0 or det(Lred)= 0) to find the propagation con-
stants for the transmission lines. Here G= L−1 denotes the
dyadic Green’s function and Lred is equivalent to L in waveg-
uides, as there are no currents on the interfaces.

3 Application

3.1 Waveguides

First, we have applied the DMM formulation to analyze par-
tially filled waveguide whose inner layer is taken to be in tri-
angular shape. The schematic is shown in the inset of Fig. 3.
The data used for the analysis are: b = 6.35 mm, a = 2b,

Figure 6. Variation of the interface present within partially filled
waveguide.

d = 0.5b, εr1 = 9.4 or (9.4, 9.4, 11.6) or (9.4, 13, 11.6),
εr2 = 1. Figure 4 gives the FWEC obtained from the struc-
ture where K1 and K2 represent the hybrid matrices for the
layer 1 and 2 respectively. From the circuit, we can deduce
the system equation as

(Z−1
1 V1+B2Z−1

2 )E1 = 0 or LE1 = 0. (19)

Figure 3 shows the dispersion curves, normalized by
k0, obtained after solving the eigenvalue problem. For the
present computation, we have analyzed only half of the struc-
ture due to symmetry and have used 17 e-lines to discretize it.
The results agree well with the results obtained from ANSYS
HFSS. Then, Fig. 5 demonstrates six higher order modes
computed for the biaxial case of the waveguide shown in the
inset of Fig. 3. The figure validates the DMM results with the
commercial software.

Then, we have changed the inner interface within the
waveguide with the function

f (x)= 0.05b(1+ exp(−u2(x/a− 0.5)2)), (20)

and have analyzed the structure with the following parame-
ters: b = 7.5 mm, a = 2b, εr1 = 8.875 or (8.875, 8.875, 15)
or (8.875, 10, 15), εr2 = 1. The shape of the interface varies
with the value of u as shown in Fig. 6. Figure 7 gives the com-
puted values of the normalized propagation constant with
varying u. We have used 22 e-lines for discretizing half of
the structure. The figure compares the DMM results for the
isotropic, uniaxial and biaxial anisotropic medium with the
results from the HFSS. We have computed the results at
30 GHz frequency.
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Figure 7. Dispersion curve for the quasi-planar waveguide.

Figure 8. Quasi-planar stripline structure.

3.2 Microstrip line

Next, we have analyzed a microstrip line where the strip
is placed on the inner interface of the structure shown in
Fig. 7. The inner layers of the structure are taken with rela-
tive permittivity εr1 = 8.875 or (8.875, 8.875, 10) or (8.875,
9, 11) and εr2 = 1. The cross section of the structure is with
b = 7.5 mm and a = 2b, and has strip width w = 0.25a. Fig-
ure 8 clearly shows the variation of the strip with the inter-
face. We obtain the FWEC of the quasi-planar stripline as
depicted in Fig. 9. The system equation for the two layer mi-
crostrip line takes the form as

(Z−1
1 V1+B2Z−1

2 )E1 = J1 or LE1 = J1, (21)

where J1 gives the currents on the strip (Fig. 9).

Figure 9. Full-wave equivalent circuit for the quasi-planar stripline.

Figure 10. Dispersion curve for the quasi-planar stripline.

Figure 10 shows the computed results at 30 GHz frequency
with DMM and HFSS. For DMM computation, we have used
12 e-lines on half of the strip for isotropic and uniaxial case
and 6 e-lines for biaxial case. In HFSS, the consumed time
span for the analysis at each u-point varied between 26 s to
1 h, while with DMM formulation it was between 10 to 12 s.
We have used the same number of segments for all values of
u in HFSS and also the same number of discretization lines
in DMM to clearly interpret the curvy interface. However,
HFSS needs more meshes and computation time to smoothly
analyze the interface with higher value of u. While for DMM,
computation time doesn’t vary much for different values of
u. With the same number of discretization lines, it depends
only on how much time is needed to calculate the roots of the
eigenvalue problem.

4 Conclusions

The efficient full-wave analysis method (DMM) has been
presented to analyze quasi-planar transmission lines with
anisotropic stratified media. The method can also easily deal
with multilayered structures with metallizations in different
interfaces. Both waveguides and stripline structures were an-
alyzed with good agreement with the commercial software.
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The method can also be extended for the analysis of mi-
crostrip patch antenna on quasi-planar anisotropic substrate
with 2-D discretization.
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