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Abstract. The multi-port method for the measurement of the
scattering parameters of multi-ports with the help of a vector
network analyzer (VNA) with only two measurement ports
is presented. For the measurements only two ports of the N-
port device can be connected to the two ports of the VNA
at a time. The remainingN-2 ports of the device under test
(DUT) are connected to external terminations. As these ex-
ternal terminations might be mismatched, the measured scat-
tering parameters depend on the reflective characteristics of
the terminations. An error correction becomes necessary in
order to calculate the effective scattering parameters of the
DUT (Tippet and Speciale, 1982; Lu and Chu, 2003).
In contrast to the correction method ofTippet and Speciale
(1982), the multi-port method has the advantage, that the ex-
ternal terminations can be chosen arbitrarily. Thus, a real-
ization as an open or short circuit is possible as well. Fur-
thermore, the terminations can be unknown except for one,
similar to self-calibration procedures of VNAs. This helps to
improve the accuracy of the measurements, because the in-
consistency problem due to a slightly erroneous knowledge
of the frequency characteristics of the terminations can be
eliminated.

1 Introduction

Although vector network analyzers (VNAs) with more than
two measurement ports are already commercially available,
VNAs on the basis of two measurement ports and four mea-
surement channels are still widely used in laboratories and
industry. For the measurement of a N-port, for example a
line coupler or a power divider with three or more ports, with
the help of a two-port network analyzer only two ports of the
DUT can be connected to the ports of the analyzer at a time.
The remainingN−2 ports of the DUT are connected to exter-
nal terminations with the reflection coefficients03, . . . ,0N .
For the complete determination of the scattering parameters
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of the device, all possible two-port configurations have to be
measured, so that in total(

N

2

)
=

N !

2!(N − 2)!
=

N · (N − 1)

2
(1)

two-port measurements have to be performed. This can be
done automatically with the help of switches. In case of per-
fectly matched terminations, the measured scattering param-
eters are equal to the effective parameters of the multi-port.
For the case of mismatched terminations, the measured scat-
tering parameters depend on the reflective characteristics of
the terminations. As a consequence, an error correction be-
comes necessary. A known method ofTippet and Speciale
(1982) shows the following two restrictions. The external
terminations have to be known exactly and they cannot be
realized as open or short circuits. With the necessity of a
precise knowledge of the terminations, inconsistencies due
to a slightly erroneous or unprecise knowledge of the reflec-
tive characteristics of the terminations as for example of the
phase reference planes can lead to considerable errors. This
kind of problem is also known from the calibration of net-
work analyzers on the basis of known calibration standards.

2 The multi-port method

The scattering parameters of a DUT withN ports, as shown
in Fig. 1, are generally described in dependence of the wave
parameters as follows:

b1
b2
...

bN

 = S


a1
a2
...

aN

 (2)

For the measurement of the scattering parameters of such
a N -port with the help of a VNA with only two ports, it
is necessary to performh=N ·(N−1)/2 two-port measure-
ments. Figure2 shows exemplarily the setup where port 1
and port 2 of the DUT are connected to the VNA while the
remaining ports are connected to some external terminations
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Fig. 1. Wave parameters of aN-port.

with the reflection coefficients03, . . . ,0N . For this config-
uration, denoted by the superscript (1) in the following, the
wave parametersa(1)

i at the ports with the external termina-

tions are represented by:a
(1)
i =0ib

(1)
i , i=3, . . . ,N . Next, all

further two-port measurements have to be performed as for
example with port 1 and port 3 of the DUT being connected
to the analyzer.

Table1 gives an overview of the necessary measurements.
The first column specifies a label for the identification of the
measurements. In the second column, the ports of the N-port,
which are connected to the analyzer, are declared. The third
column indicates the terminations at the remaining ports, not
being connected to the analyzer. The entirety of these mea-
surements can be represented by the following matrix rela-
tion:



m
(1)
1 m

(2)
1 . . . b

(h)
1

m
(1)
2 b

(2)
2 . . . b

(h)
2

b
(1)
3 m

(2)
3 . . . b

(h)
3

b
(1)
4 b

(2)
4 . . . b

(h)
4

...
...

...
...

b
(1)
N−1 b

(2)
N−1 . . . m

(h)
N−1

b
(1)
N b

(2)
N . . . m

(h)
N



= S



a
(1)
1 a

(2)
1 . . . 01b

(h)
1

a
(1)
2 02b

(2)
2 . . . 02b

(h)
2

03b
(1)
3 a

(2)
3 . . . 03b

(h)
3

04b
(1)
4 04b

(2)
4 . . . 04b

(h)
4

...
...

...
...

0N−1b
(1)
N−1 0N−1b

(2)
N−1 . . . a

(h)
N−1

0Nb
(1)
N 0Nb

(2)
N . . . a

(h)
N


(3)

The wave parameters, known from the measurements with
the calibrated analyzer, are denoted bymi andai . The un-
known parameters, the wave parametersbi and the matrixS,
will be determined with the help of the multi-port method.
For this purpose, the reflection coefficients01, . . . , 0N are
assumed to be known initially.
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Fig. 2. Setup for the measurement of the scattering parameters of a
N-port with a 2-port-VNA.

2.1 The multi-port method for a three-port

The theory for a DUT with 3 ports will at first be derived.
Equation (3) can be written as:b

(1)
1 0 0
0 b

(2)
2 0

0 0 b
(3)
3


︸ ︷︷ ︸

b

+

 0 m
(2)
1 m

(3)
1

m
(1)
2 0 m

(3)
2

m
(1)
3 m

(2)
3 0


︸ ︷︷ ︸

M1

= S

01b
(1)
1 0 0

0 02b
(2)
2 0

0 0 03b
(3)
3


︸ ︷︷ ︸

0b

+S

 0 a
(2)
1 a

(3)
1

a
(1)
2 0 a

(3)
2

a
(1)
3 a

(2)
3 0


︸ ︷︷ ︸

M2

, (4)

resulting in

b + M1 = S(0b + M2) , (5)

i.e. a partitioning into known values, as the measurement
matricesM1, M2 and the reflection matrix0, and unknown
values, namely the scattering matrixS and the wave param-
eter matrixb. With the additional microwave excitations
ã

(2)
1 , ã

(3)
1 , ã

(1)
2 , ã

(3)
2 , ã

(1)
3 , ã

(2)
3 , which are different from the

previous excitations in Eq. (4), a further equation, similar to
Eq. (5) can be derived:

b̃ + M̃1 = S(0b̃ + M̃2) . (6)

In order to determine the unknown parameters, the scattering
matrix S is eliminated, so that the unknown wave parame-
ters can be calculated at first. A manipulation of the matrix
equations leads to:

(0b + M2)(M2 − 0M1)
−1

= (I − 0S)−1 (7)

(0b̃ + M̃2)(M̃2 − 0M̃1)
−1

= (I − 0S)−1 (8)

resulting in

(0b + M2)(M2 − 0M1)
−1

= (0b̃ + M̃2)(M̃2 − 0M̃1)
−1 . (9)

On the basis of this equation it could be supposed that the pa-
rameterb cannot be determined for the case0i=0, i=1, 2, 3.
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Table 1. Overview of the multi-port measurements.

measurement port at the VNA terminations

(1) 1, 2 03, . . . , 0N

(2) 1, 3 02, 04, . . . , 0N
...

...
...

(N − 1) 1, N 02, . . . , 0N−1
(N) 2, 3 01, 04, . . . , 0N
...

...
...

(2N − 3) 2, N 01, 03, . . . , 0N−1
...

...
...

(h)=(N ·(N − 1)/2) N − 1, N 01, . . . , 0N−2

But it is possible to eliminate the singularity for0i=0, so that
the following solutions result after some manipulations:

b
(1)
1 = (0

(1)
3 (0

(3)
2 (a

(2)
1 m̃

(3)
1 − ã

(3)
1 m

(2)
1 ) + 0̃

(3)
2 (a

(3)
1 m

(2)
1

−a
(2)
1 m

(3)
1 ))+0

(1)
2 0

(2)
3 (a

(3)
1 m̃

(3)
1 −ã

(3)
1 m

(3)
1 ))/D1 (10)

b
(2)
2 = (0

(2)
1 (0

(1)
3 (a

(3)
2 m̃

(1)
2 − ã

(1)
2 m

(3)
2 ) + 0̃

(1)
3 (a

(1)
2 m

(3)
2

−a
(3)
2 m

(1)
2 ))+0

(3)
1 0

(2)
3 (a

(1)
2 m̃

(1)
2 −ã

(1)
2 m

(1)
2 ))/D2 (11)

b
(3)
3 = (0

(3)
2 (0

(2)
1 (ã

(2)
3 m

(1)
3 − a

(1)
3 m̃

(2)
3 ) + 0̃

(2)
1 (a

(1)
3 m

(2)
3

−a
(2)
3 m

(1)
3 ))+0

(1)
2 0

(3)
1 (ã

(2)
3 m

(2)
3 −a

(2)
3 m̃

(2)
3 ))/D3 (12)

with i = 1, 2, 3, j = 1, 2, 3, i 6= j

0
(j)
i = a

(j)
i − 0im

(j)
i , 0̃

(j)
i = ã

(j)
i − 0im̃

(j)
i (13)

and the denominators

D1 = (0
(2)
3 (0

(3)
1 0̃

(3)
2 − 0̃

(3)
1 0

(3)
2 )) , (14)

D2 = (0
(3)
1 (0

(1)
2 0̃

(1)
3 − 0̃

(1)
2 0

(1)
3 )) , (15)

D3 = (0
(1)
2 (0

(2)
1 0̃

(2)
3 − 0̃

(2)
1 0

(2)
3 )) . (16)

On the basis of these equations the matrixS can be deter-
mined with the help of Eqs. (3) or (4) respectively. In com-
parison to the method ofTippet and Speciale(1982) the ter-
minations01, . . . ,0N can be realized arbitrarily, i.e.0i=±1
is also possible. Further on, the terminations can be unknown
except for one.

2.2 Multi-port method with unknown terminations

The reflection coefficients of the external terminations are
calculable on the basis of the following equations:

02 =
h11 + 01h12

h13 + 01h14
, 03 =

h21 + 01h22

h23 + 01h24
, (17)

where01 has to be known and the parametershij are known
from measurements with:

h11= ã
(2)
1 h̃15− a

(2)
1 h15, h12= m

(2)
1 h15− m̃

(2)
1 h̃15,

h13= a
(2)
1 h16− ã

(2)
1 h̃16, h14= m̃

(2)
1 h̃16− m

(2)
1 h16,

h15= a
(1)
2 h̃18− ã

(1)
2 h̃17, h̃15= a

(1)
2 h17− ã

(1)
2 h18,

h16= m̃
(1)
2 h̃17− m

(1)
2 h̃18, h̃16= m̃

(1)
2 h18− m

(1)
2 h17,

h17= a
(2)
3 m̃

(1)
3 − ã

(1)
3 m

(2)
3 , h̃17= ã

(2)
3 m

(1)
3 − a

(1)
3 m̃

(2)
3 ,

h18= a
(2)
3 m

(1)
3 − a

(1)
3 m

(2)
3 , h̃18= ã

(2)
3 m̃

(1)
3 − ã

(1)
3 m̃

(2)
3

and

h21= ã
(1)
3 h̃25− a

(1)
3 h25, h22= ã

(1)
3 h̃26− a

(1)
3 h26,

h23= m̃
(1)
3 h̃25− m

(1)
3 h25, h24= m̃

(1)
3 h̃26− m

(1)
3 h26,

h25= a
(3)
1 h̃28− ã

(3)
1 h27, h̃25= a

(3)
1 h̃27− ã

(3)
1 h28,

h26= m̃
(3)
1 h27− m

(3)
1 h̃28, h̃26= m̃

(3)
1 h28− m

(3)
1 h̃27,

h27= ã
(1)
2 m

(3)
2 − a

(3)
2 m̃

(1)
2 , h̃27= a

(1)
2 m̃

(3)
2 − ã

(3)
2 m

(1)
2 ,

h28= a
(1)
2 m

(3)
2 − a

(3)
2 m

(1)
2 , h̃28= ã

(1)
2 m̃

(3)
2 − ã

(3)
2 m̃

(1)
2 .

This is similar to self-calibration procedures for VNAs,
where the calibration standards can be partly unknown. The
frequency characteristics of the terminations are determined
within the multi-port procedure. The previously described
problem of inconsistencies is reduced dramatically.

2.3 Multi-port method for N-ports

These results can be applied to a device with multiple ports
by subdividing the device into(

N

3

)
=

N !

3!(N − 3)!
=

N · (N − 1) · (N − 2)

6
(18)

sub-devices with three connectors as shown in Fig.3. The
ports 4 toN of the N-port are connected to the terminations
04, . . . ,0N and the resulting network with the ports 1, 2 and
3 can be considered as a 3-port with the scattering matrixS1
as shown by the dashed line in Fig.3. For this 3-port device,
the 2-port measurements at ports 1 and 2, 1 and 3 as well as
2 and 3 are used for the calculations. These measurements
can also be identified as the measurements (1), (2) and(N)

according to Table1. The following matrix representation of
the 3-port device in dependence of the scattering matrixS1
results according to Eq. (4): b

(N)
1 m

(2)
1 m

(1)
1

m
(N)
2 b

(2)
2 m

(1)
2

m
(N)
3 m

(2)
3 b

(1)
3

 = S1

01b
(N)
1 a

(2)
1 a

(1)
1

a
(N)
2 02b

(2)
2 a

(1)
2

a
(N)
3 a

(2)
3 03b

(1)
3

 (19)

By the application of the 3-port method with Eqs. (10)–(12)
the unknown wave parametersb

(N)
1 , b

(2)
2 andb

(1)
3 are calcu-

lable. The previously derived theory with partly unknown
reflective terminations can as well be adopted. For the de-
termination of the complete unknown scattering matrixS of
the N-port device it is necessary to determine the whole set
of wave parametersb as defined in Fig.3. These parame-
ters can be derived similarly by considering the remaining
3-port combinations of the N-port as well as the associated
equations.
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Fig. 3. Subdivision of aN-port into a 3-port.
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In the following this approach will be discussed for the
example of a 4-port with the unknown scattering matrixS.
From the measurement of the scattering parameters of the
4-port with a 2-port VNA the following six relations result:

m
(1)
1

m
(1)
2

b
(1)
3

b
(1)
4

=S


a

(1)
1

a
(1)
2

03b
(1)
3

04b
(1)
4

 ,


m

(2)
1

b
(2)
2

m
(2)
3

b
(2)
4

=S


a

(2)
1

02b
(2)
2

a
(2)
3

04b
(2)
4

 ,


m

(3)
1

b
(3)
2

b
(3)
3

m
(3)
4

=S


a

(3)
1

02b
(3)
2

03a
(3)
3

a
(3)
4

 ,


b

(4)
1

m
(4)
2

m
(4)
3

b
(4)
4

=S


01b

(4)
1

a
(4)
2

a
(4)
3

04b
(4)
4

 ,


b

(5)
1

m
(5)
2

b
(5)
3

m
(5)
4

=S


01b

(5)
1

a
(5)
2

03b
(5)
3

a
(5)
4

 ,


b

(6)
1

b
(6)
2

m
(6)
3

m
(6)
4

=S


01b

(6)
1

02b
(6)
2

a
(6)
3

a
(6)
4

 , (20)

leading to the following matrix representation:
m

(1)
1 m

(2)
1 m

(3)
1 b

(4)
1 b

(5)
1 b

(6)
1

m
(1)
2 b

(2)
2 b

(3)
2 m

(4)
2 m

(5)
2 b

(6)
2

b
(1)
3 m

(2)
3 b

(3)
3 m

(4)
3 b

(5)
3 m

(6)
3

b
(1)
4 b

(2)
4 m

(3)
4 b

(4)
4 m

(5)
4 m

(6)
4



= S


a

(1)
1 a

(2)
1 a

(3)
1 01b

(4)
1 01b

(5)
1 01b

(6)
1

a
(1)
2 02b

(2)
2 02b

(3)
2 a

(4)
2 a

(5)
2 02b

(6)
2

03b
(1)
3 a

(2)
3 03b

(3)
3 a

(4)
3 03b

(5)
3 a

(6)
3

04b
(1)
4 04b

(2)
4 a

(3)
4 04b

(4)
4 a

(5)
4 a

(6)
4

 (21)

This relation represents a linear system of equations for the
determination of the unknown scattering matrixS of the 4-
port. For the calculation of the unknown parametersb in
Eq. (21) the 3-port theory is applied. For example, the 4-
port is terminated at its port 4 by the reflection04 as shown
in Fig. 4. The resulting 3-port with the terminals 1, 2, 3 is
described by the scattering matrixS1 with: b

(4)
1 m

(2)
1 m

(1)
1

m
(4)
2 b

(2)
2 m

(1)
2

m
(4)
3 m

(2)
3 b

(1)
3

 = S1

01b
(4)
1 a

(2)
1 a

(1)
1

a
(4)
2 02b

(2)
2 a

(1)
2

a
(4)
3 a

(2)
3 03b

(1)
3

 . (22)

On the basis of the 3-port algorithm the wave parameters
b

(4)
1 , b

(2)
2 and b

(1)
3 can be determined. Accordingly, the 4-

port can be subdivided into three further 3-ports as shown in
Fig. 4. The scattering matrices are denoted byS2, S3, S4. b

(5)
1 m

(3)
1 m

(1)
1

m
(5)
2 b

(3)
2 m

(1)
2

m
(5)
4 m

(3)
4 b

(1)
4

 = S2

01b
(5)
1 a

(3)
1 a

(1)
1

a
(5)
2 02b

(3)
2 a

(1)
2

a
(5)
4 a

(3)
4 04b

(1)
4

 (23)

 b
(6)
1 m

(3)
1 m

(2)
1

m
(6)
3 b

(3)
3 m

(2)
3

m
(6)
4 m

(3)
4 b

(2)
4

 = S3

01b
(6)
1 a

(3)
1 a

(2)
1

a
(6)
3 03b
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The unknown wave parameters can thus be calculated, so that
finally on the basis of Eq. (21) the scattering matrixS of the
4-port can be determined completely. The redundancy in the
number of equations can be used for a least-square-error min-
imization in order to enhance the precision of the method. As
explained before, three of the external terminations can be
unknown and will be determined during the multi-port pro-
cedure.

2.4 Extension of the multi-port method

With the multi-port method the scattering parameters of a
N-port are determined on the basis of a VNA with two
measurement ports and furthermoreN terminations which
can be unknown except for one. In order to avoid the de-
mand for one known external termination, which is measur-
able with a calibrated VNA, it is also possible to determine
the characteristics of this termination in combination with the
measurements of the DUT by performing one additional re-
flection measurement. For this purpose, one further 1-port
measurement has to be performed in addition to the previ-
ously mentioned two-port measurements of the DUT. For ex-
ample considering the setup for the two-port measurements
in Fig. 2, port 1 and port 2 of the DUT are connected to the
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Fig. 5. Error-corrected scattering parameterS11 with reflective ( )
and matched ( ) terminations.

analyzer and the remaining ports are terminated with the re-
flections03, . . . ,0N . For this configuration the scattering
parameters of the two-port between the connectors 1 and 2,
denoted bySm11, Sm12, Sm21, Sm22, are measured. Terminat-
ing additionally port 1 of the DUT with the reflection coef-
ficient 01 and performing a 1-port measurement at port 2 of
the DUT leads to a measurement result for0m2 with

0m2 = Sm22 +
Sm21Sm1201

1 − Sm1101
. (26)

This relation can be solved for01, so that the reflection co-
efficient at port 1 can be determined from one additional
1-port measurement in combination with the connection of
the DUT. However, determining all reflection coefficients of
the external terminations from such reflection measurements
instead of calculating them from Eq. (17), numerous addi-
tional measurements would have to be performed, enlarging
the measurement complexity considerably.

3 Experimental Results

Several measurements with various multi-port devices were
performed with the help of a 2-port VNA of the type
HP8510C. In the following the measured results for a com-
mercial multistage line coupler with coaxial connectors are
presented exemplarily. The calibration of the VNA was per-
formed on the basis of a TRL-calibration. In Figs.5 to 7
the measured scattering parametersS11, S12 andS14 of the
DUT are depicted according to their absolute values and their
phases in a frequency range from 2 GHz to 20 GHz. The
error correction of the measured scattering parameters was
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Fig. 6. Error-corrected scattering parameterS12 with reflective ( )
and matched ( ) terminations.
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Fig. 7. Error-corrected scattering parameterS14 with reflective ( )
and matched ( ) terminations.

performed according to the multi-port method with mostly
unknown reflective terminations in comparison to the mea-
surement with matched terminations. The measured results
show a good agreement between both methods.
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4 Conclusion

The theory of the multi-port method for the measurement of
the scattering parameters of a N-port device with the help
of a VNA with only two measurement ports and its exper-
imental application have been presented. In contrast to the
known correction method for the measurement of multi-port
devices ofTippet and Speciale(1982), the developed multi-
port method has the advantage that it is based on the mea-
surement with external terminations which can be chosen ar-
bitrarily as long as the topology of the DUT allows it. In
addition, these external terminations can be unknown except
for one, enhancing the accuracy of the error correction pro-
cedure. The inconsistency problem due to a slightly erro-
neous knowledge about the frequency characteristics of the
terminations can be eliminated, similarly to self-calibration
procedures for VNAs.
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