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Abstract. We discuss the validity of reciprocity and mu- in Sect. 5, the mutual impedance formulas are introduced.
tual impedance formulas within lossy cavities. Mutual We then review in Sect. 6 how to calculate antenna currents
impedance formulas are well-known from antenna theoryin a lossy rectangular cavity and compute, as an example, in
and useful to describe the electromagnetic coupling betweesect. 7 for a specific configuration of two antennas the mu-
electromagnetic interference sources and victims. As an extual impedance. Sect. 8 provides some conclusions in view
ample the mutual impedance between two dipole antennasf EMC related issues.

within a lossy rectangular cavity is calculated from a system

of coupled Haken’s equations that efficiently is solved by the

method of moments. 2 General remarks on reciprocity

Suppose two sets of electric current§é and J? exist in
a region and produce electric and magnetic figitfs H¢
1 Introduction and E?, H?, respectively. Then, in the frequency domain,

) ) _ Maxwell's equations
An important framework to describe electromagnetic cou- b . . ub
pling between Electromagnetic Interference (EMI) sourcesY X E°" + jorH™" = 0, @)
and victims is antenna theory (ee, 1995 Tesche et al. v x H*? — jouE*" = job )
1997. Traditionally, antenna theory relies on electromag- _ . . .
netic field propagation in free space. It cannot directly beare valid. We note that within Faraday's induction law Eg. (
applied to an interior Electromagnetic Compatibility (EMC) the magnetic field strengi already is replaced by the mag-
problem that is limited by boundaries such that electromag-r}et'c excitationH with the help of a linear constitutive equa-
netic resonances are supported. Electromagnetic propagatidipn of the formB=u H. _ b
in a resonating environment, like a cavity, for example, can POt ;nult_lpllcatmn of Eq. ) with H™¢, and of Eq. )
considerably differ from that in free space. That is, if we With E”“ yields, after some elementary algebraic manipula-
wish to make use of a result of antenna theory in order tofloNS.
solve an interior EMC problem we have to check ifitisvalid v . (E? x H* — E* x H?) = E* . J* — E? . J°. ©)

not only in free space but also in a resonating environment. . . . .
An important example of this circumstance is provided by Integration of this local relation over a simply connected vol-
ume V with surfaces that encloses all sourcek’, J” and

the integral formulas for mutual antenna impedances thatare 7.~ ,
useful to model the mutual coupling between an EMI source"’lppllcatlon of Gauss's law leads to
and an EMI victim. These can be derived via the reciprocitya[ (E” x H® — E* x HY) - d% =
theorem, and usually this is done under the assumption thats

transmitting and receiving antenna are located in free space (B Jb — E". J% a3 @
(Elliott, 1981). In this paper we show that reciprocity and, [, )

thus, the integral mutual impedance formulas also are vali

within lossy cavities. 1981J). Itis valid not only in free space but also in the pres-

Thde O(;Jt]!me oflthe padper ISas f(.)"OWS: Segt. 2 COIIeC_tS SO0MEnce of boundaries since it only is based on the local form of
standard formulas and notions in connection to reciprocity.ayye|ps equations and the assumption of linear constitu-
Section 3 outlines the relation between reciprocity and SUl4ive equations

face boundary conditions while Sect. 4 links reciprocity to We define thaeaction <a. b~ of field « on sourceb as
symmetry properties of the dyadic Green’s function. Then, . integral '

dThis relation often is calledeciprocity theorem (Elliott,
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Thenreciprocity, in a less general sense than E4), (s de-
fined by the condition

(6)

<a,b>=<b,a> .

This relation proves to be particularly useful in antenna the-

ory. Obviously, there are two possibilities to verify if reci-
procity in this form is fulfilled. We can check if either the
surface integral or the volume integral of E¢) {dentically
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4 Reciprocity as expressed by dyadic Green’s functions

To verify reciprocity we can also inspect the volume integral
Iy = /(E“ JP — EY - Jhd¥ (12)

(13)

=<a,b>—<b,a>

vanishes. In both cases we will need to know not only the dy-in order to see under which conditions it vanishes. While

namical Egs.Z, 2) but also the boundary conditions imposed
on the fields.

3 Reciprocity and surface boundary conditions

Let us concentrate on the surface integral of Bj. (
Is :=/(Eth“—E“xH”)~d2r. 7
s

We now show thafg vanishes both in free space and inside
a lossy cavity.

1. Free SpaceThis is the standard case. If the sources of the

fields are located in free space the surfacean be chosen
as the surface of a sphere with radiuthat tends to infinity,

r—o00. Then the appropriate surface boundary condition onJ*(r) =
the fields is given by the radiation condition. It ensures that

the integrand E” x H*— E¢ x H) falls off faster than 1,2
(Van Bladel, 198% It follows that the surface integrdk
vanishes and reciprocity in the form E®) (s ensured.

2. Inside a lossy cavitylf S contains material boundaries
we need appropriate boundary conditions that relaté tre
electric field strengthE to the magnetic excitatiodl. A

in the previous section the fields and H got related by a
surface boundary condition the fiell and electric current

= FE
J are related by a dyadic Green’s functiGn if linearity is
assumed,

= F
E(r) = / G (r,rhJa")d%' . (14)

One should note that the Green'’s functiérlf already con-
tains the solution of Maxwell's equations with respect to
specified boundary conditions.

We express the currengg? by the motion of elementary
charges; at positiony;l’hzr?’h (¢) that move with velocities
v,

1

> v s — "), (15)
i

Then it follows from Eq. {4) that the electric field€? are
given by

fairly general first order boundary condition has been giveniiy these expansions we find

by Leontovich, se&enior and Volaki§1995, for example,

nx E=Znx(nxH), (8)

with r the outward unit vector normal tHandZ the intrinsic
impedance of the boundary. We then have

(E’ x HY) -n = (n x E*) - H* (9)
= Z(n x (n x H?)) - H* (10)
=Z[(n-H)(n-H") + H* - H"]. (11)

Clearly, this is invariant under exchangeofindb. Since
d?r=nd?r it follows from Eq. (7) that the surface inte-

Bty =36 (r, 1t )g (16)
/(Ecl . Jb _ Eb . J“)dgr
= E

= [(ZG rant - Yt~y

i J

= E
=G gty Y (s —ri)di (17)

j i

= F - FE
=qiq; Z((G rh, rHv) vt —(G (r?,r;’»)v}]’-)v?). (18)
ij

Therefore reciprocity<a, b>=<b, a>, is obtained if

E (.b E b
G 1) =G, (ri,r?).

J (19)

gral vanishes. Therefore the Leontovich boundary conditionThis symmetry property generally is fulfilled in the pres-

leads to reciprocity in the form Eg6)

ence of perfectly conducting boundari€gai, 1999. It also

Combinations of these two cases are also conceivable. Fdrolds in the case of lossy boundaries with boundary condi-
example, a cavity with openings can also be considered ation Eq. @) if the non-vanishing impedancg, in the frame-

long as the volumé’ is simply connected such that we may work of perturbation theory, is accounted for by a complex
apply Gauss’s theorem to arrive at the integral relationshipwavenumber such that the form of the dyadic Green’s func-
Eq. @). tion remains the same as in the lossless case.
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]

We now turn to electromagnetic coupling between an EMIV: =k l2
source and an EMI victim. In many cases this coupling is W
modeled by the mutual coupling between two linear anten- atennal  antenna2
nas. Generally, if two antennas are excited by electromag-_. . .
netic sources there will be voltag®s, V> and currentd, I> Fig. 1. Problem setup and its network equivalent.
at the antenna input terminals. These quantities are related to

5 Integral formulas for mutual impedance formulas

L |1 |2
Va2

each other by a:22 impedance matrixElliott, 1981) Also the self impedances;; andZ2; can be calculated from
717 similar formulas that are derived from the reciprocity princi-
Z= ( 11 12) (20)  ple. However, it is more convenient to excite, for the calcula-
Z21 222 : )
tion of Z11, antenna 1 by a fixed voltage source, $ayand
according to then calculate the induced currelift:2 at the input terminal
of antenna 1 in the presence of the open-circuited antenna 2.
Vi = Zuli + Z1212, (21)  Thisyields, according to Eq2(),
Vo = Zo1li + Zool>, (22) 731 = %iz (25)

compare Figl. The impedance matrix is independent of the In the same way we also obtain from E82(
excitation and concisely characterizes the antenna configura-
tion which is determined from the antenna geometries, the, V2 (26)
antenna positions and orientations, and their environment. 2= 120Cl'

The impedance&1; and Z,, are the self impedances of an- . . L
tenna 1 and antenna 2 in the presence of antenna 2 and affduations 5, 26) can be used both in free space or within a

tenna 1, respectively. The mutual impedanZesandZy; ~ Cavity as long as the calculation of the curr(_al_f[%2 andlgfl
are a measure for the electromagnetic coupling between botfF11€CtS tge corresponding boundar3;] conhdltlons.l In view of
antennas. Even though impedance is a very basic notion ongdS: €3, 24) it is important to note that these rely on reci-

should keep in mind that it is only defined for sinusoidal time procity in the form_ Eq. @) (_E”'Ott' 198])_' We_ have C_“S' .
variation or. as a trivial case. for no time variation. cussed in the previous sections that reciprocity also is valid

It is evident from Eqs.21, 22) that the mutual impedances in a lossy cavity if the boundary condition E®) {s assumed.

can be calculated as ratios between open-circuit voltages an‘&herefore Eqs.43, 24) can also be applied in this situation.

input currents. A solution of the antenna boundary value
problem immediately yields the input currents but does notg  calculation of antenna currents within a cavity
yield the open-circuit voltages.

If the antennas are located in free space usual antenna th&here are two standard integral equations that are in use
ory provides formulas for the open-circuit voltages that areto calculate the electric current on linear antennas. These
based on the reciprocity theorem and a thin-wire approxi-are Halen’s equation and Pocklington’s equatigNakano,
mation. For the mutual impedanc& . this is the integral  1996. They are based on a vanishing tangential component

expression(Elliott, 1981) of the magnetic vector potentid and the electric fieldE,
1 respectively, on the antenna surface which we assume to be
Z1o = _t_ocl/ E®Y&) - J5°e) dt . (23)  perfectly conducting. If we split the total fields in a scattered
1117 Jantenna 2 and an incident part we can write Hatl's equation as

The quantities in this expression refer to two different situ- [ [ =4 , . inc, <]
ations. The first is indexed by “t” and is given by a trans- /G (r,r)J(rdr' + ATr) | =0 (27)
mitting antenna 1 in absence of antenna 2. That/jsis ) ) , o ~tan

the input current of a transmitting antenna in absence of an@nd Pocklington’s equation in the form

tenna 2 andE®L(¢) is the electric field at the position of [ p - & T

antenna 2 which is generated by antenna 1 if antenna 2 is re-f G (r,r)J(rdr' + E™r)| =0, (28)
moved from its position. The second situation is indexed by ~ -tan

“ocl” and is given by a transmitting antenna 2 in the pres- i the dyadic Green's functio(:‘}A(r, r') for the magnetic

ence of antenna 1 which is open-circuited. The correspond- ) -E , ] ) ,
ing quantitiesl2"°1 andJ%Cl(s) refer to the input current and vector potential ands (r, r’) the dyadic electric Green’s

current distribution, respectively, of antenna 2 in this situa-function. Equations27, 28) must be enforced on each an-
tion. Analogously. tenna surface such that fdrantennas they constitudé cou-

pled integral equations.
1 Hallen’s and Pocklington’s equation are equivalent
Zov= o [ B %) ds (24) glons eq ]
211 Ja

ntenna 1 (Nakano, 1995 but which of both is more advantageous to
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= A . . .
use? The Coulomb singularity containeddn (r, r’) is pro-  The variableg,, /,, and/, denote the dimensions of the rect-
portional to ¥|r—r'| and weaker as the Coulomb singularity angular cavity while the wave numbkr is defined via

=E
, o L .
of G (T’sr ) which, in the source region, is proportu’)n,al to s 2 2o (M 2 nym 2 - 2
1/|r—r'|°. Itfollows that for numerical calculations Hal’s k) —kx~|—ky—|—kZ = < ] > ( ] ) ( ; ) (32)
equation is preferable since it leads to algebraic equations * Y z
that are numerically more stable. However, als equa- |t corresponds to the resonances of the rectangular cavity
tion has the disadvantage that it contains the incident fieldyith eigenfunctions

A" |n practice,E'"° is provided by a given source rather

thanA'"®. To obtainA'™® from E" one observes that, quite ¢, (r) := sin(k,x) sin(kyy) cogk;z), v =nnyn.. (32)
generally, in the Lorenz gauge

Within the ray part the distances between original and mir-

E— —E[V(V CA) -+ K2A]. (29) rored sources to the observation point are given by,
k !
. . . Ri,mnp(r’ r)=
Therefore a second order differential equation has to be
solved to obtaimA’"® from E"® and this introduces two in-  +/ (X; + 2ml,)? + (Y; + 2nl,)? + (Z; + 2pl;)?, (33)
tegration constants per antenna. These integration constants
need to be determined from the vanishing of the antennacury, _ [x—x", i=0,1,23 (34)
rent at the end points of each antenna. ' x+x', i=4567"
We prefer in the following numerical stability and focus
on Hallen’s equation. For a lossy, rectangular caV|ty we have y—y, i=0145
=13+y., i=2367" (35)
calculated a representation of the Greensfuncﬁor(r r’) YTy T
which is quickly convergeni{Gronwald, 200 This repre- o ' —0.246
sentation is based on the Ewald transformattenwgld 1921, Z; = { i n ;, ’ i B 1’ 3’ 5’ 7 (36)

Jordan et a).1986 Park et al.1998. In general, for a rectan-

gular cavity and Cartesian coordinatesy, andz, the dyad 1 correct sign rules of the mirror principle are taken into

= A

G (r,r’) has three non-vanishing components, account by the factor

= +1, i=016,7
G' = = G B+ Gy 99 + Gl 22. (30) A% = { iy z 2345

The component§ 4, v, Gaayy, andGa, .. have the same
explicit form and can be related to each other by cyclic ex-
change ofx, y, andz. Hence, without loss of generality, it is
sufficient to concentrate in the following on one component
say,G4&,.:- The Ewald representation can be written in the
combined form(Gronwald, 2003

Finally, “erfc” denotes the complementary error function and
E is an adjustable parameter which balances the contribution
of mode and ray part. In average, the Ewald representation
'requires for convergence order of magnitudes less terms than
the standard representatio{@ronwald et al., 2002

Géasz(r’ r' k) = cavzzl(r r' k) + Gcav;zz(rv r', k)

7 Example
mode part ray part
with Now we foc'us., for the sake of concreteness, on two dipole
antennas within a rectangular cavity that are in parallel and
m 00 7 aligned with thez-axis, compare Fig2. If, for this configu-
Géavul = 8.1 Z Z AF*x ration, a thin-wire approximation is applied we obtain from
Y92 ey mp=—0c0 i=0 Hallén’s equation7) the coupled integral equations

exp(—5=5)

Gl (r1, FYIL(F,) dF+ / Gl (r1, ) Ia(ry) dry=
exqj(kxXi +kin +kzZi)) 7 /1 cavzz 1 1 1 9 cavzz 2 2 2

k2 k2
. Vo1 .
, C11€0s(k(z1—z01)) +C128in(k(z1—z01)) +E sin(k|z1—zo1l) ,
o0
"
Gcaszz g Z ZA§ZX (37)
m,n,p=—00 (=0
[exp(iji,mnp)erfC(R,-,man + Jjk/2E) f Gl oo (ro, P I (rYy) dry + / Gl oo (ra, ry) Ia(rh) drly =
Ri,mnp L 2

. Vo2 .
C21€08(k(z2—202)) +C225in(k(z2—202)) +ﬁ sin(klza—zo2l) ,

(38)

+exm_jkRi,mnp)erfC(Ri,mnpE - Jk/ZE)]
Ri,mnp ’
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Fig. 2. Boundary value problem of two coupled antennas within
a rectangular cavity. For a given excitation the currdqtand I

need to be determined.

where the integrals extend over antenna 1 and antenna 2, &ig. 3. Solution of Halen's equation within a rectangular cavity in
indicated. The voltage¥p; and Vp, are determined from the coupled cases for position 1 and position 2. The absolute values
the boundary conditions that are imposed at the antenna iref the antenna currents as a function of positioalong each an-
put terminals of antenna 1 and antenna 2, respectively. [fenna are Qisplayed. For comparison also the solution for the single
a slice generator is present at an input terminal we hav@ntenna2is shown.
Vo(t)=Vp sin(wt), such thatVp1 or Voo assume constant val-
ues in this case. For a passive antenna with a Badhe ) o ) )
relation Vo=—1(z0)Z;, holds. This relation remains valid yalue of Q since the detgrmlnatlon Qf the quality factor is
in the limiting case<Z; — oo (open circuited antenna) and ndependent of the following calculation.
Z;—0 (short circuited antenna). The boundary conditions To begin with we align antenna 1 with theaxis with
of vanishing current at the ends of the antennas will be enits center atp1=1.5 m and put it atc;=1.5m, y;=3.5m.
forced after discretization by means of the method of mo-Also antenna 2 gets aligned to theaxis with its center at
ments and determine the integration constéhts C1o, C21,  zo2=1.5m but is put ato=4.5 m, y;=3.5m. This configu-
andCy,. In the method of moments procedure we will use ration will be referred to in the following as “position 1”. In
pulse functions as basis functions and perform a point matchview of the general form of the eigenfunctions Eg2)it is
ing (Sadiku, 200R To write a corresponding computer clear thatin position 1 both antennas will couple to the mode
program is rather straightforward since, due to the Green'212. The corresponding solution of the coupled Etai
function approach, there is no need to discretize the cavityequations is shown in Fig where the absolute values of the
The boundaries are already taken into account by the Green@ntenna currents are displayed as dotted and dashed lines. It
function of the cavity. is obvious that on the open-circuited antenna 1 there is an
In view of the calculation of the mutual impedanze induced current that is of comparable size in regard to the
we now turn to an instructive examp|e_ We consider a Ca\/-CUrrent of the active antenna 2. It fO”OWS, as we will also
ity with dimensiond,=6m,/,=7m, and,=3m. These di- S€e from the next paragraph, that the presence of the open-
mensions roughly correspond to the mode-stirred chamber dtircuited antenna 1 has a large influence on the active an-
the University of Magdeburg. Within this cavity we place tenna2.
an active antenna 2 and an open-circuited antenna 1. The As a second configuration we keep antenna 2 at its posi-
coupled Halén's Egs. 87, 38) allow to calculate the antenna tion and parallelly displace antenna tte=3m, y; = 3.5m.
currents/y, I> and to study the influence of the presence of This configuration will be referred to in the following as “po-
the open-circuited antenna 1 onto the antenna current of arsition 2”. The eigenfunction of the mode 212 vanishes at
tenna 2. Both antennas are taken of length 2m and radius;=3 m, and this is why antenna 1, in principle, will not
103m. We focus on the mode=212 withn,=2, ny=1, couple to this mode in position 2. Now the solution of the
andn,=2, compare Eqg.32). According to Eq. 81) this coupled Halkén’s equations yields the dashed-dotted and the
yields a wavenumbei,1~22.565 nT 1 that corresponds to a  solid line of Fig.3. The induced current on the open-circuited
frequencyfo12x1225 Hz. With this frequency we excite an- antenna 1 is about three orders of magnitude smaller than the
tenna 2 by means of a slice generator of amplitugle=1 V. current on the active antenna 2. (It is not exactly zero due
Moreover, for a mode-stirred chamber as resonator it is realto the finite quality factor of the cavity which leads to a mi-
istic to assume a quality fact@@=1000. A finite quality fac-  nor shift of the resonance and due to numerical inaccuracies.)
tor prevents infinities at resonance and is taken into accountherefore at position 2 the presence of the open-circuited an-
by a complex wavenumber accordingie>k(1—j/(20)). tenna 1 practically has no influence on antenna 2. This is
We note that, in principle, the quality factor depends on therevealed if antenna 1 is completely removed and the current
frequency and it is not possible to define an overall value.distribution on the single, active antenna 2 is calculated. This
However, for our purposes it is sufficient to keep a constantcurrent distribution is represented in Fig by star-shaped
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4500 to utilize a cavity’s Green'’s function which is accurate and

To solve a system of coupled integral equations that is
based on Hadin's equation rather than on Pocklington’s
equation has numerical advantages. The integral kernels are
less singular, leading to matrix systems within the methods
of moments that are characterized by comparatively low con-
dition numbers. To put this issue in the right perspective
1000} one should note that, quite generally, calculations of antenna
impedances within resonating environments of high quality
sook factors and near resonance a priori are plagued by numerical

o T——— ‘ ‘ ‘ ‘ instabilities. In this context the Green'’s function approach, if
3 4 5 6 7 8 9 10 applied by means of a computationally efficient series repre-

frequency f/ Hz 7 .
x10 sentation as above, proves to be advantageous.

It should be admitted that we have investigated a generic
example. The cavity's Green’s function approach clearly
fails if the cavity under investigation is not of canonical shape
such that its Green’s function is not known. Also the cou-
pled system of Ha#in’s equation becomes more complex if

markers. The difference to the current distribution on an-more complicated antenna configurations are under consider-

2000l =+ bestion 2" covie 20 gy computationally efficient both in the source region and at res-
“““ position 2, free space H i onance.
35004 '~ '~ Position 1, free space : |
' b |

30001

2500

12

2000

Abs(Z..)/Ohm

=

u

o

(=)
T

Fig. 4. Absolute value of the mutual impedance for position 1 and
2 in the frequency range of 30 MHz to 100 MHz. The resonance
peaks are labeled by the parametesn nyn;.

tenna 2 for position 1 is obvious. ation. Especially the determination of the incident vector po-
We finally turn to the computation of the mutual tentialand its associated integration constants becomes cum-
impedanceZi, which is obtained from Eq.2@). Fig-  Persome if more antennas with arbitrary orientation have to

ure 4 shows the absolute valy&s,| between 30 MHz and b€ investigated.
100 MHz for position 1 and 2. For comparison we also show Finally we stress again that within a cavity the mutual
for these positions the mutual impedance in absence of thémpedance between two dipole antennas critically depends
cavity. The mutual impedance within the cavity is character-0n their absolute position within the cavity. This is in contrast
ized by sharp resonance peaks that can be attributed to tHe free space where the relative position of the antennas is de-
various cavity modes and indicate the strong mutual cou<isive. In particular, within a cavity the mutual coupling does
pling at resonance. It should be noted that due to the speRot necessarily decay in case of increasing distance between
cific placement of the antennas not all cavity modes get exthe two antennas since the cavity modes do not decay with
cited. In Fig.4 the modes 110 (32.9 MHz), 210 (54.4 MHz), increasing distance, as well. For strong antenna coupling at
130 (69.0 MHz), 310 (78.0 MHz), 230 (81.4 MHz), and 330 resonance it is not the relative distance but the simultaneous
(98.8 MHz) can be identified. Modes with even om, odd  coupling to a resonant mode that is important.
are not excited for positions 1 and 2. Moreover, in case of
position 2 there is no excitation of modes with even. In
between the different resonances the valugeZb| within References
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