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Abstract. In this paper a hybrid method combining the
Time-Domain Method of Moments (TD-MoM), the TimeDomain Uniform Theory of Diffraction (TD-UTD) and
the Finite-Difference Time-Domain Method (FDTD) is presented. When applying this new hybrid method, thin-wire
antennas are modeled with the TD-MoM, inhomogeneous
bodies are modelled with the FDTD and large perfectly conducting plates are modelled with the TD-UTD. All inhomogeneous bodies are enclosed in a so-called FDTD-volume
and the thin-wire antennas can be embedded into this volume or can lie outside. The latter avoids the simulation of
white space between antennas and inhomogeneous bodies. If
the antennas are positioned into the FDTD-volume, their discretization does not need to agree with the grid of the FDTD.
By using the TD-UTD large perfectly conducting plates can
be considered efficiently in the solution-procedure. Thus this
hybrid method allows time-domain simulations of problems
including very different classes of objects, applying the respective most appropriate numerical techniques to every object.

1

Introduction

Every numerical method has inherent advantages and disadvantages. For example the FDTD is not efficient for modelling electrically large but simple bodies whereas the TDUTD is well suited for such bodies but cannot be applied
to inhomogeneous bodies. Consequently, by combining several techniques hybrid methods can be created to overcome
the disadvantages and simultaneously make use of the advantages of the underlying techniques.
In the context of this paper we treat transient problems
as shown in Fig. 1: Electrically large perfectly conducting
plates are modelled with the TD-UTD, thin-wire antennas
are modelled with the TD-MoM and inhomogeneous bodies are modelled with the FDTD. The aim of this paper is
the hybridization of all three methods. Therefore, first of all
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Fig. 1. Schematic representation of the proposed hybrid method.

the three methods are shortly presented in Sect. 2–4 without claiming to give a complete overview about state of the
art developments of the specific methods, but pointing out
the properties, which are important for the hybridization. In
Sect. 5 the hybrid method combining all three methods is
developed step by step. Finally, numerical examples are presented.
2

TD-MoM

Considered are perfectly conducting thin-wire antennas
(surface S) located in free space. One standard integral equation for the electric field radiated in free space by the current
density J flowing on the surface S reads:

Z 
ρ(r 0 , t)
∂ µJ (r 0 , t 0 )
rad
E (r, t) =
−∇
−
da 0 ,
(1)
4π εr
∂t
4π r
S
R t0
with r=|r−r 0 |, ρ(r 0 , t)=− 0 ∇J (r 0 , t 0 )dt and t 0 =t− rc .
For the numerical solution the Ansatz
J (r 0 , t) =

Ns X
Nt
X

Ii,j β i (r 0 )T j (t)

i=1 j =1
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Fig. 2. Schematic representation of the TD-MoM+TD-UTDHybrid Method. The diffracted field in an observation point is modelled using one equivalent source point. Additionally shown: One
ray reflected from basis function β i to test function β k .

is chosen to approximate the spatial and temporal dependency of the electric current density (Gómez et al., 1992).
Nt and Ns denote the number of temporal and spatial basis
functions, respectively and Ii,j are unknown weighting coefficients. Substituting Eq. (2) into Eq. (1) and taking the
temporal derivate of the electric field yields
Z 
Ns X
Nt
X
∇γi (r 0 )Tj (t 0 )
Ii,j
∂ rad
E (r, t) =
∂t
4π Si
εr
i=1 j =1
#
∂ 2 µβ i (r 0 )Tj (t 0 )
da 0 ,
− 2
r
∂t

(3)

where γi (r 0 )=∇β(r 0 ). A scalar equation is derived by multiplying Eq. (3) with a test function β k and integrating the
result over the domain Sk of the test function. In a next step,
the time axis is subdivided into time steps t=nT and it is
assumed that

Tj (t) =

0
if |t − j T | ≥ T
T (t − j T ) if |t − j T | < T

(4)

and that for t0 7=n0 T all coefficients Ii,j <n0 are known. On
the surface of perfectly conducting scatterers the total tangential electric field must vanish, i.e. the sum of the incoming
fields E inc and the radiated fields E rad must be zero. Fulfilling this boundary condition at the domain of all test functions
β k and for t0 leads to a systems of linear equations (Gómez
et al., 1992) to calculate the coefficients Ii,n0 . Consequently,
in a so-called marching-on-in-time procedure all coefficients
Ii,j can be calculated successively. The potential consider
incoming field in the solution procedure is the main point of
contact for hybridization.
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Fig. 3. Schematic representation of the TD-MoM+FDTD-Hybrid
Method.

3

Time-domain Geometrical Theory of diffraction

The Geometrical Theory of Diffraction is based on the representation of waves by rays. According to the UTD, the field
radiated by a point-source in presence of a perfectly conducting plate can be approximated as the sum of the direct
ray, a reflected ray and diffracted rays (Rousseau and Pathak,
1995):
E = E LOS Ui + E R UR + E D ,

(5)

with Ui =1 if line of sight (LOS) is given between source and
observation point and Ui =0 if no direct ray reaches the observation point. UR is equal to one, if a reflected ray reaches
the observation point and it is equal to zero, otherwise. According to the UTD, the reflected and diffracted fields are
found by using the fields in the reflection and diffraction
points, respectively. Both Ui and UR , as well as possible
reflection and diffraction points are found by using a raytracing algorithm.
The diffracted field is found by convolution of the field
ED0 in the diffraction point with the diffraction coefficient
and multiplying the result with the spreading factor A(sd ):
ED (sd , t) = ED0 (t −

sd ↔
s + sd
)∗ d (t −
)A(sd ),
c
c

(6)

with
s
A(sd ) =

s0
.
sd (sd + s 0 )

(7)
↔

The dyadic diffraction coefficient d (t) can be found in
Rousseau and Pathak (1995). In the context of this paper,
the fields in the reflection and diffraction points are calculated with the TD-MoM and the FDTD, respectively. Thus
these fields act as point of contact for hybridization.
www.adv-radio-sci.net/5/107/2007/
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Fig. 4. Subdivision of the FDTD-volume into total field region and
scattered field region and the Huygens surfaces used for hybridization.
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Fig. 5. Subdivision of the FDTD-volume into total field region and
scattered field region and the Huygens surfaces used for hybridization.

FDTD

For this paper a simple 3D-FDTD with a Perfectly Matched
Layer (PML) as absorbing boundary condition is used; for
details see e.g. Taflove (2000). The points of contact for hybridization are the total-field/scattered-field formulation (see
e.g. Huang et al., 1999) to introduce incoming fields into
the FDTD-volume and the calculation of fields outside the
FDTD-Volume with a surface integral representation of the
electric field (see e.g. Skarlatos et al., 2005).

5

Hybrid methods

The three methods are hybridized by using well known theorems and making use of the superposition principle. In the
following – for the sake of simplicity – the process of hybridization is described step by step.
5.1

TD-MoM+TD-UTD-Hybrid Method (Becker and
Hansen, 2006)

flowing on the antenna. All necessary current coefficients Ii,j , which excite a field at t=n0 T in the observation point are – due to the distance between source
and observation point – calculated in the marching-onin-time procedure before.
2. The influence of the surrounding on the currents is considered by treating reflected or diffracted fields, which
reach the surface S of the antennas, as incoming fields
E inc in the marching-on-in-time procedure. Thus the
free space Green’s function used for Eq. (1) is implicitly
modified. This strategy is well proven as it has been successfully applied for several frequency-domain hybrid
methods (Alaydrus et al., 2002). Reflected and scattered fields are constructed by using the centre of any
base function β i as origin of the respective rays. For
one infinitely large reflecting plate, Ns basis functions
and Ns test functions this results into Ns2 reflected rays.
Consequently, this becomes relatively costly.
5.2

The schematic representation of this hybrid method is shown
in Fig. 2. The hybridization of both methods comprises two
steps:
1. The fields in the observation points are calculated with
Eq. (5). For this purpose, the fields radiated by the thinwire antennas are approximated by rays with source
points lying on the surface S of the antennas, which
are modelled with the TD-MoM. In many cases the rays
reaching an observation point can be constructed by using one equivalent source-point in the centre of the antenna (see Fig. 2). The direct fields in the observation
points (if line of sight is given, i.e. Ui 6 =0) and the fields
in the reflection and diffraction points are calculated in
the same marching-on-in-time procedure as the currents
www.adv-radio-sci.net/5/107/2007/

TD-MoM+FDTD-Hybrid Method

As shown above, the consideration of the influence of the
surrounding on the currents flowing on the thin-wires is relatively costly. Additionally, the TD-MoM+TD-UTD Hybrid Method is restricted to problems involving simply structured scatterers. In the context of this paper, this restriction
is overcome by using a TD-MoM+FDTD Hybrid Method.
When applying this hybrid method, thin-wire antennas are
modelled with the TD-MoM and inhomogeneous bodies are
modelled with the FDTD. All inhomogeneous bodies lie inside the so-called FDTD-volume, which is enclosed by a
PML (see Fig. 3). The TD-MoM is fully hybridized with
the FDTD, if the fields radiated by the thin-wire antennas
are considered in the FDTD solution-procedure (at the location of the inhomogeneous bodies) and if the influence of the
Adv. Radio Sci., 5, 107–113, 2007
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Fig. 7. The three necessary Huygens surfaces for full hybridization
of all three methods.

Fig. 6. Schematic representation of the TD-UTD+FDTD-Hybrid
Method. Not shown: Rays backscattered to the FDTD-volume.

inhomogeneous bodies on the currents flowing on the thinwire antennas are considered in the TD-MoM solution procedure and vice versa. This is achieved by using the approach
described in Huang et al. (1999): The basic idea is to subdivide the FDTD-region into a scattered field region and into a
total field region. By this a numeric Huygens source scheme
is realised and it is possible to introduce arbitrary incident
fields into the FDTD-volume. For the sake of simplicity it is
useful to use the following case differentiation:

nas modelled with the TD-MoM. The discretiziation of the
latter does not need to agree with the grid of the FDTD. The
total field region includes the inhomogenous bodies and can
include arbitrary material (see Fig. 5). The scattered field,
which is in fact the field back-scattered to the antenna by its
surrounding, is used as incoming field in the TD-MoM solution procedure. As the antenna lies inside the FDTD-volume,
fields outside the FDTD-volume can be calculated by using SH3 (not shown in Fig. 5) and the procedure described
above. Consequently, for observation points outside the
FDTD-volume, the FDTD+TD-MoM Hybrid-Method does
not distinguish from a stand-alone FDTD method.
5.3

5.2.1

Figure 4 shows the case of an antenna modelled with the TDMoM, which lies outside the FDTD-Volume. The fields radiated by the thin-wire antennas are introduced into the FDTDsolution procedure by using the surface SH2 , which seperates
the total field region (inside SH2 ) from the scattered field
region (outside SH2 ). Consequently, at the position of the
inhomogeneous bodies, the unknowns of the FDTD include
the fields radiated by the thin-wire antennas. The fields radiated or scattered by the FDTD-volume are calculated by
using equivalent sources on the Huygens surface SH3 lying
just inside the PML (see Fig. 4) and a surface integral representation of the electric field (see e.g. Taflove, 2000). These
fields are used as incoming fields E inc in the TD-MoM solution procedure.
5.2.2

TD-UTD+FDTD-Hybrid Method

Thin-wire antennas outside the FDTD-volume
The FDTD is hybridized with the TD-UTD by using a strategy very similar to Skarlatos et al. (2005): In the application of the TD-UTD the fields in the reflection and diffraction points, as well as the direct fields, are calculated using
once again a surface integral representation and the equivalence principle (surface SH3 ). To save memory and CPUtime SH3 is subdivided into large subdomains and for the
ray-representation of the fields one equivalent source point
per subdomain is used. Obviously, the farther the reflection
and diffraction points are away from the FDTD-volume, the
less subdomains are needed. Therefore it is sometimes useful, to use one equivalent source point in the centre of the
FDTD-volume as shown in Fig. 6. Fields back-scattered to
the FDTD-volume can be taken into account in the FDTD solution procedure by using the same procedure and the same
surface SH2 as described in Sect. 5.2.1.

Thin-wire antennas inside the FDTD-volume
5.4

As shown in Fig. 5, the antennas modelled with the TD-MoM
now lies inside the FDTD-Volume. The FDTD-volume is
seperated by the Huygens surface SH1 into two regions: A
total field region and a scattered field region. The scattered
field region needs to be homogeneous and includes the antenAdv. Radio Sci., 5, 107–113, 2007

TD-MoM+TD-UTD+FDTD-Hybrid Method

When applying this hybrid method thin-wire antennas are
modelled with the TD-MoM, large perfectly conducting
plates are modelled with the TD-UTD and inhomogeneous
bodies are modelled with the FDTD. The hybridization of
www.adv-radio-sci.net/5/107/2007/
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Fig. 8. Rays reaching a cut out of SH2 and a ray tube enclosing 4
grid points.

all three methods is achieved by starting with the TDMoM+TD-UTD hybrid method and using the superposition
principle. The TD-MoM+TD-UTD hybrid method considers the interactions between the thin-wire antennas and the
large plates. Additional FDTD bodies require the use of the
Huygens surfaces SH1 and SH2 to introduce the fields radiated by the thin-wire antennas into the FDTD-volume. These
fields can include fields, which are radiated by the thin-wire
antennas and then scattered by the plates. SH3 is used to calculate the fields radiated or scattered by the FDTD-volume
and these fields are considered as incoming fields E inc in the
TD-MoM solution procedure. Additionally, these fields E inc
can include fields radiated by the FDTD-volume and then
scattered by the plates. Thus the interactions between the
thin-wire antennas and the inhomogeneous bodies are considered including the additional influence of the plates. Consequently, one needs to use all three Huygens surfaces SH1 ,
SH2 and SH3 and by this all three methods are hybridized
(see Fig. 7).
5.5
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Fig. 9. Dipole embedded into a dielectric cylinder.

Fig. 10. Dipole embedded into a dielectric cylinder.

solution procedure. That means, that for any grid point on
the surface SH2 individual rays have to be constructed (see
Fig. 8). This is extremely costly but in future developments
this might be accelerated by making more use of the ray representation of the scattered fields. As indicated in Fig. 8 ray
tubes can be constructed, which enclose more than one grid
point and by this the cost for constructing the rays becomes
much smaller. The drawback of this strategy is that the temporal behaviour of the field in one reference point (grid point
(i, j, k) in Fig. 8) has to be stored in memory to be able to
calculate the fields on different surfaces of constant phase.

Major drawbacks and improvement opportunities

One of the main drawbacks of the proposed methods are the
resource and calculation requirements to calculate the fields
radiated by the FDTD-volume. These fields are calculated
by using equivalent sources on the Huygens-surface SH3 and
an integral representation of the electric field. This calculation is very costly and we assume that these costs can be reduced by using techniques like the one proposed in Oetting
and Klinkenbusch (2005).
Right now, the second main drawback is the fact that the
fields scattered by the plates have to be calculated pointwise
(see also Sect. 2), in order to be introduced into the FDTDvolume and to be used as incoming field in the TD-MoM
www.adv-radio-sci.net/5/107/2007/

6
6.1

Numerical examples
Dipole embedded into a dielectric cylinder

Considered is the geometry shown in Fig. 9 and Fig. 10, consisting of a center-fed dipole (radius r=0.001 m) embedded
into a dielectric cylinder, which is surrounded by a dielectric medium. In Fig. 11 the input impedance of the dipole
is shown. The result calculated with the TD-MoM+FDTDHybrid Method is compared to the result calculated with a
frequency-domain method of moments for cylindrically layered media (Becker and Hansen, 2006).
Adv. Radio Sci., 5, 107–113, 2007
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6.2

Human body in front of a dipole with reflector

As a second example, a center-fed dipole (r=0.001 m) in
front of a perfectly conducting plate (infinitely long in ±xdirection) and a model of the human body is considered
(based on visible human National Library, 1986; Gabriel,
2006, discretized using 4x =4y =4z =0.01 m). In Fig. 12
the absolute value of the electric field inside the body (cut
at x=0.31 m, i.e. the plane including the dipole) is shown.
For this calculation diffraction at the edges and corners of
the plate and the influence of the human body towards the
currents flowing on the dipole are neglected. The fields radiated by the thin-wire antennas and reflected by the plate are
calculated by using mirror sources.
Fig. 11. Input impedance calculated with the TD-MoM+FDTD Hybrid Method and with the frequency domain Method of Moments.

Conclusions

The presented method combines three techniques to a new
hybrid method. Using this it is possible to aply appropriate
numerical techniques for modelling different types of bodies:
The TD-UTD for large, perfectly conducting bodies, the TDMoM for small, perfectly conducting bodies and the FDTD
for dielectric bodies. The combination of these three approaches yields a powerful tool for handling problems which
cannot be treated with any other time-domain technique.
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Fig. 12. Human body in front of a center-fed dipole and a perfectly
conducting plate.
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