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Abstract. The measurement of the scattering matrices ofble two-port measurements of the multi-port so that the scat-
n-port networks is an important task. For this purpose twotering parameters of the multi-port can be identified. An easy
ports of the n-port network are connected with the networkmethod is to connect all ports of the multi-port which are
analyzer and the remaining ports are connected to reflectingot connected with the network analyzer to a match. In this
terminations. In order to specify the scattering matrix of a n-case the scattering parameters can directly be determined by
port network with the multi-port methodRplfes et al.2005, the two-port measurements. But in fact, it is often not pos-
n reflecting terminations are required from which at least onesible to connect all ports to a match, for example if non-
reflection factor needs to be known. contacting measurements are performed. Furthermore the
There are some cases, in which the multi-port methodavailable matches might not be accurate enough, especially
shows weak convergence properties. For example, a Tin the range of higher frequencies. Thus, another method
junction cannot be identified if the reflecting terminations which is independent of the external reflections has to be de-
used are short circuits and if the line length is equivalent toveloped. The following article describes different methods
a multiple of a half wavelength. This is due to the fact that to evaluate a multi-port by using a two-port network ana-
the two ports connected to the network analyzer become isolyzer and unknown external reflections. Finally a very gen-
lated. eral method to evaluate any multi-port is described, which so
Two new algorithms, named the sub-determinant methodar has proven to be successful in all cases considered.
and the wave-identification method, respectively, which em-
ploy a second set of reflection terminations that have to differ
from the first set, allow to identify every n-port network with- 2 Multi-port methods
out the necessity to distinguish different cases. Both meth-
ods are based on least square algorithms and allow to detexn already known methodT(ppet et al, 1982 offers the
mine all scattering parameters of a n-port-network directly possibility to characterize almost every multi-port by con-
and uniquely. necting each port to one external reflection but does not
allow reflection coefficients af1 or values in the vicinity of
+1. An improvement was made with the multi-port method
(Rolfes et al.2005, which allows to use external reflections
independent of their value and additionally offers the pos-

The measurement of multi-ports with more than two portssibiIity to obtain the value of all reflection coefficients as
gets more and more important. Modern circuits are oftenUNKnowns, except for one. But there are some multi-ports,
complex. Additionally the number of ports may be higher which cannot be characterized with only one external reflec-
than the number of ports of the network analyzer. ThereforeloN 0N every port, because this reflection might e. g. isolate
methods for the measurement of multi-ports with a two-port!€ measurement ports. One example for such a problem is
network analyzer are needed, independent of the number ¢t tee junction as shown in Fid@, connected to short circuits

ports. The principle of these methods is to combine all possi©" OPens as external reflections. If one port of this 3-port is
connected to an open circuit and the lengtf the lines is

Correspondence td3. Will an odd multiple of a quarter of a wavelength, the two other
(bianca.will@rub.de) ports which are connected to the network analyzer become
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f Heremo andm3 are the waves measured by the network an-

< > < > alyzer andb; is the unknown wave at port 3. The measure-

@ Z, Z, @ ment between port 2 and port 3 yields a two-port scattering
+ matrix. With the help of this matrix it is possible to choose

the incident waves and calculate the corresponding reflected
wavesny andms. Thus, the incident waves andas can be

f Z, chosen as two linearly independent vectors
0 0 0 0
\ al=11 and a|l=10 . (4)

@ as 0 as 1

_ o With these two different excitations, one two-port measure-
Fig. 1. Setup of a tee junction. ment yields six equations

@ _ (€3] (L _ 7 (1)
isolated. Then, it is not possible to characterize this 3-port bi” = Suliby” + 512 by = Suliby ™ + 513

with the multi-port method, if at least two of the external re- m$? = $1T1b" + S22 5" = Sul'1bY + Sp3
flections are opens. @ @ ~ (1) (1)
. . . = S31I'1b77 + S my = S31I'1b77 + S33 . 5
A solution of this problem is to use a second set of external 3 1% 32 s St 3 ©)
reflections which have to differ from the first set. Thus, the The unknown variables; andb; can be eliminated and one

different ports of the tee junction are coupled at every fre-gets four non-linear equations for the identification of the
guency point at least once because an isolation only OCCUrScattering parametess; of the 3-port

for one of the two external reflections.

The following methods are all described for the identifica- 1) Syt MS182 _a@ Syat 1821513
tion of a 3-port. In fact, the methods can be used for the”'2 = °22T 7" g ™2 T928T 1 0n
identification of r_nulti-po_rts with any number_o_f ports be- ) 1831812 @) '1531513 5
cause every multi-port with ports can be subdivided into 3~ = 532 1T-Trsy ™ < S33+ ToTys, (6)

3-ports. This subdivisiorRolfes et al. 2009 offers the pos-
sibility to characterize all multi-ports with a method which Thus, the three necessary two-port measurements yield
is defined for 3-ports. Although it is possible to extend the twelve non-linear equations for the identification of a 3-port

following method also for the calculation of a 4-port, this

yields a very complex system of equations and furthermore &,, = mgl) _ TSa1512 Sog = ,ﬁél) _ T151382

subdivision remains necessary for all multi-ports with more 1-T1Sn 1-TiSn

than four ports. Thus, the following methods are describedS32 _ m<31) _ 1851512 Saz = ,;1(31) _ '1531513

for the calculation of a 3-port only because it is the simplest 1-T1811 1-T1811

structure. @ T28521812 ~@ 2812523

Siuu=m" — ———— Siz=my" — ————

1-T282 1-T2822

3 The wave-identification method Sap = m? — 2832521 Sas= i@ 2832523

3 1—-T2S52 3 1—-T252

In general a multi-port can be described by its scattering pa- 2SS [aStaS

rameters in the following way S =m® 28818 o (3 13918932

1 1 1-T3533 12 1 1—-T3S833

b=S-a 1) Spp=m® _ '3531523 Spp— i@ _ '3532523

o =my — T r . =my =T

wherea, b are the vectors of incident and reflected waves, 1-T3833 1-T13833

respectively, and is the scattering matrix. If the poitis (7)

connected to the external reflectibpit holds . - .
P where the upper indef¢) indicates an external reflectidn

a; =T b; . (2) at porti. These equations can either be solved with numerical
methods as the least squares method or they can be linearized

Thus, it follows for a 3-port, if port 2 and_ port 3 are con- for small variations of the parameters, i.e. applying Newton’s
nected to the network analyzer and port 1 is connected to thﬁ1ethod

external reflection’;, Therefore, the scattering parameters are defined as a con-

b1 S11 S12 813\ [T1-b1 stantS;; and a variation;;:
mo | = | S21 S22 S23 az . €)) N
m3 S31 532 S33 az Sij = Sij +&ij - (8)
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The products of the variables; - ¢,,, are neglected. These for the first set of external reflections and similarly for the
assumptions yield a linear system of equations for the ninesecond set. A closer look to the equations shows that all
new variableg;;, if the scattering parameters in the system terms which are non-linear i; are sub-determinants of the

of Egs. () are replaced by the new expressions defined inscattering matrixs of a 3-port. This system of equations be-
Eqg. 8. The new system of equations with the coefficient comes linear if these sub-determinants are assumed as further

matrix A, and the solution vector of the right hand side variablesAy. Thus, one obtains 24 linear equations with 18
variables. Twelve equations result from the measurements
é11 with the first set of external reflections
€12
£13 ms? = mPT1811 + S22+ T1A1
€21 ~(1) _ ~(1)
Ac- | e22 | =me 9) mzl =my 1811+ S23+ '1A2
€23 mé) =mg SUT1S11 + Sa2+ 1As
& ~
82; m(gl) = m( U811+ S33+ 1A
2
€33 m(l ) = ml OS2+ S11+ T2A1
- . . . ~ (2) (2
is linear concerning the variables; and can easily be ex- =y T28522 + S13+ 1245

tended for a second set of external reflections. This systen;h(2> — m(2) 2820 + S31 + MoAg
of equations is over-determined and can be solved by using (2) =2
e.g. a linear regression. my 2822+ S33+ 247

For a good convergence the initial valwg should be m(l = m( )F3S33+ S11+ '3A4
close to the solution vector. Good starting values can e.g. be.

¥ = 72 IT3833+ S12+ '3A

obtained by the sub-determinant method, which is described’1 = 1 I'3S33+ S12+ '3Ag
below. In fact, several simulations and measurements havm(;’) = m(3)r3s33 + S21 4+ I'3A9
shown, that there is a very good convergence with only a few_ (3, @
iterations, even if the initial vector is taken as the zero vec-"2 = "2 13533+ S22+ T'3A7 (11)

tor. Thus, the wave-identification method is a very robust,nq yyelve further equations result from the measurements
method for the identification of the scattering parameters of )
with the second set of external reflectidisand waves,

multi-ports. measured by the VNA

n(zl) = n(zl)f'lSll + Spp+T1A1
~(l)
The sub-determinant method is another method to identify a

B = nPT1811 + Sz + 1A
multi-port, if a second set of external reflections is used. A”3 Nz 1191171 932 123
transformation of each Eq7)yields the following system of ~<31) — (31)F1511 T+ S334 1Ay

4 The sub-determinant method
= fl(l)rlSll + So3+T'1A2

equations (2) _ n§2>f2522+ S114 oA
mgl) = m2 Ur1S11 + S22+ T1(S12821 — S11522) ﬁgz) = ﬁgz)l:zSzz + S13+ [2As
S =15 T1811 + S23 + ['1(S13521 — 511523) ng = nPT282 + Sa1+ F246
m(31) = m(l)F1511 + 832+ I'1(S31512 — $11532) ﬁéz) = P 2820 + Saa+ [247
,;,él) = D11811 4 S33+ T1(S13531 — S11533) n<13) = n(1 '['3833 + S11+ 344
mg = m(lz)FzSzz + S11 + 2812821 — $11522) ﬁ(ls) = ﬁ(s) ['3833+ S12+ ['3Ag
nﬁf) = n”a(z)l“zszz + S13+ I'2(812523 — $13522) n(zs) =ny 3833+ So1 + ['3Ag
m? = mP T8+ S31+ Ta(S21532 — S31522) iy = i TaSaa+ Sa2+ [3A7 . (12)

~(2) ~(2)
my’ =ntg ['2822 + 833+ ['2(8523532 — §228 . . .
3 29227 933 2(523532 — S22533) Thus, a linear system of equations for the calculation of the

3 . i . ) :

m(l) = ml OT3S33+ S11+ 3(S13531 — S11533) 3-port scattering parameters is obtained, which can be writ-

e : : : . ., :

m(l ) _ = il )y Sa5+ S12+ [a(S13532 — S12533) ten in a compact matrix notation with the ’g:oefjf.l)ment matrix
3 3 A, which includes the measured Wave;%’ , n;”” and the

my = my 3833+ S21 + ['3(531523 — $21533) reflectionsI;, and the solution vector of the right hand side

rhg?’) = rhf)l“gSgg + S22 + I'3(8523532 — 522533) (10) m, which includes the measured wava%’) and n(” as
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Fig. 2. One-port measurement.
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follows:

By s e 7 8 9 s s 7 8 09
AA . AS =mMA . (13) Frequency [Hz] % 10° Frequency [Hz] «10°

Here the vectorAg consists of the nine unknown scatter- Fig. 3. Measurement results with a single set of external reflections
ing parameterss1y, S1o, -+, S33 and additionally the nine  Wwith opens {—) and with matches-).

unknown sub-determinantsi, Ay, ---, Ag. This system

of equations is over-determined and can be solved with ) )

the help of a linear regression. Numerical experimentstWO-Port between port 1 and port 2 in the following way
have shown that the sub-determinant method is less robus 011 §11 815 1

against disturbances or measurement errors as compareé by > = (521 322> : <F252> . (14)
to the wave-identification method. This can be explained

by the number of variables. While the wave-identification Thus, it holds for the unknown external reflectibn after
method yields a solution concernig nine variables the subthe elimination o,

determinant method is based on 18 variables, although the
number of equations is the same in both cases. Itis thereforg, = - - S— )
a very successful strategy to use the sub-determinant method 011522 + (812521 — S11522)

to create good starting values for the wave-identificationfFurthermore this one-port measurement can be linked to the

method in order to reduce the number of necessary iterationgwo-port measurement between port 1 and port 3 which of-

although the wave-identification method shows a very gooders the possibility to define the unknown external reflection

convergence for each starting vector, for example the nullr;, Thus, at least two one-port measurements are necessary

vector. to identify all external reflections independently of the num-
ber of ports.

011 — 3‘11

(15)

5 The one-port method

6 Results
For the described methods the assumption was made that the

external reflections are known. In fact both methods pre-The measured device which was used to verify the different
sented above offer the possibility to obtain the value of allmethods is a 3-port signal divider, consisting of three lines
external reflections except for one which has to be known.connected in the form of a T-junction, with open circuits as
Alternatively, the one-port method can be used for the char-external reflections. The results produced with the multi-port
acterization of the external reflections. For this purpose, admethod show some singularities. This can be explained by
ditionally to the necessary two-port measurements two onethe isolation of the measurement ports if the length of the
port measurements yield the values of all external reflectionsthird line connected to an open circuit is equal to an odd mul-
This so-called one-port method is performed by connectingtiple of a quarter wavelength. FiguBsshows the results for
one port of the multi-port to the network analyzer and all the scattering paramete; of the multi-port method and
other ports to their external reflections. The resulting in- additionally the results achieved with matched terminations
put reflection can be linked with the corresponding two-portas external reflections. It can clearly be seen that it is not
measurement for the characterization of the external reflecpossible to characterize this 3-port with a single set of un-
tions, also known as de-embeddirBa(er et al.1974. Fig- known external reflections, because the multi-port method
ure 2 shows the one-port method applied to port 1. The in-shows measurement singularities in contrast to the results
put reflectiono11 given by the one-port measurement can beproduced with matched terminations as external reflections
inserted into the equation of the scattering ma8inf the which have a smooth behaviour versus frequency.
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Fig. 4. Measurement results with a single set{) and a double set
(—) of external reflections.
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A further measurement performed with two sets of exter-
nal reflections, namely three open circuits and three short cir-
cuits, is shown in Fig4.

In Fig. 4a the wave-identification method with a double
set of external reflections is compared to the results achieved
with a single set of external reflections, in this case three
open circuits. While a single set of external reflections yields
several measurement singularities as expected the wave-
identification method offers a very smooth behaviour. Part
(b) of Fig. 4 shows a comparison of the sub-determinant
method and with the results for a single set of external re-
flections. Similarly to the wave-identification method the
sub-determinant method shows a very smooth behaviour in
contrast to the singularities of the measurements with a sin-
gle set of external reflections.

7 Conclusions

In conclusion it can be stated that both described methods
offer the possibility to characterize every multi-port, if a
double set of external reflections is used. In fact the use
of a second set of external reflections doubles the number
of necessary measurements, but it yields a solution for the
identification of every multi-port independent of its struc-
ture and of the values of the external reflections. Thus,
no distinction of different cases is needed even if several
ports become isolated. Furthermore the one-port method al-
lows to deal with all external reflections as unknowns with
only two further measurements. A very robust method is to
combine both presented methods in such a manner that the
sub-determinant method provides the starting values for the
wave-identification method. This approach allows to apply
the wave-identification method with just one iteration.
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